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Compatible Differential Equations

Compatible Differential Equations

Let f(x,y,z,p,q) =0 and g(x,y,z,p,q) =0 be first
order partial differentiable equations.If every solution of
f = 0 is also solution of g = 0 and

Subject Teacher

a(f,g)
(p, q)

Jacobian J =

£0

then this two equations f and g are said to be
Compatiable.




Compatible Differential Equations

Theorem :

Show that the condition for f(x, y,z,p,q) =0 and
susiect Teocher [l o(x,y, z, p, q) = 0 compatiable is [f,g] =0
of.g) A of.g)  fg)  ofeg)
o(x.p) " Ay.q) " "ozp) " T0(z,q)

i.e.

=0

f(x, y, z, p, q) =

g(x. v,z p.q) =0




Compatible Differential Equations

Proof of Theorem Continue...

be first order partial differential equations. From (1) and
(2) we obtain
p:q)(X,y,Z), q:lll(x,y,z)
The condition that equations (1) and (2) should be
compatible reduces to p dx + g dy = dz is integrable.

Subject Teacher

¢ dx+WV dy—dz=0 (3)

B is integrable. - B
Let X = (&, V¥, —1) then X.CurlX =0



Subject Teacher NOW, CUI’/X =

i
a
0x
(0}

ov | » od. .~ oV 00 .
—(O—E)/—(O—E)JJr(a—@)k
_8_\UI¢+ a_q)"\_|_ (8_\11 — ({9_(]))/2

0z 827 Ox  Jdy

\/ \/ 2 2 " a\UA 8<DA ov ob . ~
X.CurlX = (&1, V), —1k) [_EI+§J+(§ — a_y) ]
ov oo oV Jo



Compatible Differential Equations

Proof of Theorem Continue...

o 9d v oV
(4)

Subject Teacher
v— =0—+
0z B dy Jz = Ox

Differentiate (1) w.r.t x and z,
of of Op  Of dq _

Ox * Op Ox ' 9q Ox
I VS MO AUNE (5)

of Of Op Of Oqg
and o, T apaz T agaz "



Compatible Differential Equations

Proof of Theorem Continue...

Subject Teacher o fz _I__ f;)q)z + quz — 0 (6)

Multiply equation (6) by ® then add it to equation (5)

(fc + OF) + fo(Ds + 0D,) + (W, +0V,) =0 (7)
Differentiate (2) w.r.t x and z and as above, we get,

(8« + Dg2) + go(Dx + OD,) + g, (W, + OV,) =0 (8)



Compatible Differential Equations

Proof of Theorem Continue...

Multiply equation (7) by g, and (8) by f, then
take (7)-(8)
8o(fi + L) + gofp(Px + PP,) + gpfy (Vi + OV, —
o8 + Pgz) — fop(Px + ®P;) — firgy (Vi + PV,) =0
gp(fx + (sz) + gpfq(wx + CD\UZ) - fp(gx + (Dgz) -
fo8q(Vx + ®VW,) =0

Subject Teacher

go(fi+Of,) — (g +Pg:) + (Vi +OV,)(gofy — fog8q) =0
(8ot —1p82) +(fx8p—8xfp) +H(Wx+ PV, )(gpf fo8q) =0
(8o — 8xfo) + P(8pf: — 1p82) = (Vi + PV )(Fogq — (8019)
olf.g) , ,9(f.8)
x,p)  O(z,p)

= J(V, + OV,)



Compatible Differential Equations

Proof of Theorem Continue...

af,g) , I(f g)
d(x, p) - Pz, p)] ©)

Similarly diff. eg™ (1) and (2) w.r.t y and z, we obtain

.

(W + OV,) = % [
(

Using equation (4) we get,
o(f,g)  O(f,g)  O(f,g)  Of,g)

+ +
a0 p) " Ay.q)  Pop) " To(zq

[f,g] = 0 It is condition for f and g are to be compatible.

=0




Compatible Differential Equations

Problem 1:

susiect Teacher [ Show that the PDE xp = yq and z(xp + y q) = 2xy are

compatible. Find Solution

Solution:
Let

f=xp-yq=0 (11)

g =z(xp + yq) - 2xy=0 (12)



Subject Teacher

aap

= p(zx) — x(zp — 2y) = zpx — zpx + 2xy = 2xy




Subject Teacher

Solution of Problem 1 Continue...

o(f. &) _|oz
o(z,p) |%8
0z

of.g) |oz
d(z,q) |98
0z

op| _ 0 X
8|~ |xp+yq zx
p

o, &)
9(z, p)

)

0 -y
xp+yq zy

= —x(xp + yq)

= y(xp + yq)




Compatible Differential Equations

Solution of Problem 1 Continue...

St e Condition for Compatible is
of.g)  olf.g) fg)  ofeg)

f,gl = p q
.61 = 56.p) T 300) oz p) | T
= 2xy — 2xy + p[—x(xp + yq)] + qy(xp + yq)
=-x*p® — xypq + xypq + y*q*
2 2 2.2
=y*q> — x°p
[f.e] =0

.. f and g satisfies the condition of Compatibility.
*. Given PDE are compatible.



Compatible Differential Equations

By equation (11) xp = yq
Using this in (12) z(xp + xp) = 2xy
2Xpz = 2xy —> p=

Subject Teacher

NI

, we get

~—

Using value of p in (11
X();/) =yq =q=
Using pand qin p dx + g dy = dz

de—i— fdy =dz = ydx + x dy = zdz
.'.dfxy) :szz

Integrat2ing, we get

z
Y= +c
2xy —z2=cC ... Required Solution.

N X%



Compatible Differential Equations

Problem 2:

suject Teacher [l Show that the PDE xp — yg = x and x?p + q = xz are

compatible. Hence find Solution

Solution:
Let

f=xp-yq-x=0 (13)

g=xp+q—xz=0 (14)



Compatible Differential Equations

Solution of Problem 2 Continue...

or o
of.g) _|ox op| _|P—1 x|_
Subject Teacher 8(X, p) a_g a_g 2Xp —Z X2
Ox Op

x*(p—1) — x(2xp — 2)




Subject Teacher




Compatible Differential Equations

Condition for Compatible is
a f? a f) a f, a f,
(f.g) , Olf.g)  0f.g)  Olfeg)
d(x,p) Ady,q) Iz p) Nz, q
=x*(p—1)—x(2xz — z) + px* — g — qxy
=x°p—x® = 2x*’p+xz + x°p — q — qxy
=(xz-q)-x* — gxy
= x?p — x> — gxy .... by equation (14)
= x(xp - yq) X2
= X.X - X
[f.g] =0
.. fand g satisfies the condition of Compatibility.
*. Given PDE are compatible.

Subject Teacher [f7 g] =



Subject Teacher

Compatible Differential Equations

Multiply equation (14) by y then add it in equation (13)
(x+x%y)p=x+xyz = x(1 +xy) p=x(1+yz)

l+yz

p_1+xy

Using it in (13)
1+yz_x_ q
14+ xy 4
X+ xyz — x — x%y g y(xz — x?)
1+ xy 1+ xy

x(z — x)
- 14xy

q=



Compatible Differential Equations

Using pand qin p dx + q dy = dz
L —|—yde Mdy =dz
1+ xy 1+ xy
It is Pfaffian Differential Equation
Take x = constant = dx =0
. (xz-x¥)dy — (1 +xy)dz=0
X(z-x)dy-(1+4+xy)dz=0
Dividing throughout by (z — x)(1 + xy)
X dz
dy — =0
1+ xy zZ—Xx
Integrating, we get
In(l+xy) —In(z—x)=Inc

Subject Teacher




Solution of Problem 2 Continue...
Subject Teacher 1 + Xy

= ¢; Hence Solution is of the form

1' zZ—X
+ Xy

=¢
P (x)

Hence Required Solution is

1+Xy_c

zZ— X




Subject Teacher

Charpit’s Method

Charpit’s Auxiliary Equation

Show that the Charpit's Auxiliary Equation is
dx dy dz —dp  —dq

f,  f, ph+tqf, f+pf. f+qf

Let

(15)

be first order partial differential equation where x , y are
independent and z is dependent variable.



Subject Teacher

dz=p dx+q dy (16)

In this method we consider a another relation

F(x, v,z p, q) =0 (17)

such that values of p and q obtained from (15) and (17)
makes equation (16) integrable.



Proof of Charpit's Auxiliary Equation...

The solution of (16) is complete integral of (15).

bt e Differentiate (15) and (17) w.r.t. x
antosh Dhamo of of 9z Of dp  Of Oq

Ox "oz dz dx * dp Ox * dq Ox -

of of  0f Op Of dq
a'ﬁ‘l)gﬁ‘apaxﬁ-a—q.&—o (18)

Similarly,

OF OF OF dp OF 0q
8x+ 8z+8p 8x+8q'8x_0 (19)



Charpit’s Auxiliary Equation

Proof of Charpit's Auxiliary Equation...

OF of
Multiply to (18) by — and (19) by — th
ultiply to ( )yapan ( )yap en

take (18) -(19)
of | Of 0z OF Bp  OF 0q _
Ox 0z 0x Op ox 0Oq Ox

Qe CEehN | favelE  GlEey
Ox dp  Ox Op s 0z0Op 0z Op (20)
8q<8f8F 8F8f>

s

0qdp 0qdp



Charpit’s Auxiliary Equation

Proof of Charpit's Auxiliary Equation...

Differentiate (15) and (17) w.r.t. y, we get
[In (20) replacex=y,p=4q,q = p]

(af oF OF (9f> <8f oF OF 81‘)
(21)

dy dq  0dy dq 0z dqg 0z dg
Op (OFOF _OFOF\ _
dy \Opdq 0Opdq)

Waq_g(@)_ oz 9z 9z
'Ox  Ox 0y’  Oxdy Oydox  OyOx
0 ,0z op dg Op

ay\ax) "3 — ax 3y




Charpit’s Auxiliary Equation

Proof of Charpit's Auxiliary Equation...

Adding equations (20) and (21), we get
of OF  OF 8f> (81‘ OF OF of

Ox 8p Ox Op 0z 0p oz 8p
of OF  OF of +q of OF OF of\ 0
8y 8q 8y 8q 0z 8q oz 8q N

JOF _0f L OF _0f " OF  OF _ 0f)

oxt op’ oy aq’ " 8z' Pop 9oq
OF Of af)+8F(8f+ o s
ap'ox ' Poz’ T g0y " 0z



Charpit’s Auxiliary Equation

Proof of Charpit's Auxiliary Equation...

It's Auxiliary Equation is
Subject Teacher dX dy dz dp dq

—f,  —f, —ph—afy fi+ph f+af

—dp  —dq

T ft+pf f +qf

It is known as Charpit's Auxiliary equation.

Finding expression for p and q from (15) and Charpit’s
Auxiliary equation putting this value in (16) and on
integration, we get required result.



Solution of PDE by using Charpit's

Problem 1:

Solve the PDE (p? + ¢?)y = gz by Charpit's method

Subject Teacher

Let
f=(p*+q’)y—qz=0 (22)
of
ax =0
of »



Subject Teacher

Charpit’s Auxiliary equation is,

%_Q_ dz ~ —dp  —dq
f;: fq_pf;:‘i‘qfq_fx‘i‘pfz_fy‘i‘qu
dx  dy dz _ —dp
2py  2qy—z 2p’y + sqzy —qz 0+ (—pq)
—aq

P2+q2_q2



Solution of Problem 1 Continue...

dx dy dz —dp

2py  2qy—z_ 2p’y+2¢’y—qz —pq  p?
Consider two last ratios
dp  —dq

dp —dg
g P 4 p = =k
Integrating,

2 2
%+%:a —p’+q’=a
Using p> + g = a in equation (22)

a
i =

Usingq=a7yinp2+q2=a



Subject Teacher 5 azz — 32y2 322 _ 32y2

Consider, p dx + g dy = dz
2_ 2
3z ay dx + ydy dz
\/ az —32 dx—l—aydy—zdz
Va(y/z2 — ay?) dx = z dz - ay dy

/3 dx = zdz — aydy

\/z% — ay?

Integrating we get,

= /z? — ay? + b ...Required Solution.



Solution of PDE by using Charpit's

Problem 2:

Solve the PDE p = (z + qy)? by Charpit's method

Subject Teacher

Let
f=p-(z+qy)*=0 (23)
of
9y = =0
o



Solution of PDE by using Charpit's

Solution of Problem 2 Continue...

of
57 i (z+aqy)
Subject Teacher
—=f=1
op °*
of
99 fo=—2(z+qy).y
Charpit's Auxiliary equation is,
%_Q_ dz ~ —dp  —dq
fp fq_pﬂj+qfq_ﬁ<+P7cz_ﬂ/+q7cz
dx dy _ dz B
1 =2y(z+qy) p—2yq9(z+aqy)
—dp —dq

—2p(z+qy) —2q(z+qy)—2q(z+ qy)



Solution of PDE by using Charpit's

Solution of Problem 2 Continue...

d —d,
Consider Y = P
Subject Teacher _2y(z + q-y) _2p(z + q-y)
dy dp

p— -p

Integrating,

—Iny=Inp—Ina = Iny+Inp=Inha = yp=a
a

p="
y

Using p = i in equation (23)

a
=(z+qy)? :>2+qy—\/7 :>qy—\/7



Solution of PDE by using Charpit's

Solution of Problem 2 Continue...

(5 -2)
Sog== - —z
Y \\VVY

Subject Teacher Conslder, p dX + q d_y — dZ

1
.'.i dx + —(\/E—z>dy:dz
y y y

adx + \/gdy = ydz + zdy

a dx + \/gdy = d(yz)

Integrating we get,
ax+2/ay=yz+b
ax +2\/ay —yz=0>b
This is Required Complete Integral.



Solution of PDE by using Charpit's

Problem 3:

Solve the PDE 2xz — px? — 2gxy + pq = 0 by Charpit's
Subject Teacher method

Solution
Let

f=2xz-px>—2gxy + pqg =0 (24)



Subject Teacher

Charpit’s Auxiliary equation is,
—dq

dx dy dz —dp
o fq DA Gl e B0 iy e @i
dx _ dy _ dz . —dp _ —dq
x2+q  p—2xy plP+aq)+a(p—2xy) 2z—px—ay)+2px  —2gx +2qx
dx dy _ dz _ —dp _ ﬁ
© p®+2pq—2qxy 2z—2qy O

X24+q p—2xy



Solution of PDE by using Charpit's

Solution of Problem 3 Continue...

Consider, J
Each Ratio = Fq
S.dg=0
Integrating,we get
.. g=a
Using g = a in equation (24)
2xz — px? — 2axy + pa=0
. p(a - x?) = 2axy — 2xz
2x(ay — z)

Subject Teacher

L p=
a— x?



Solution of PDE by using Charpit's

Consider, p dx + q dy = dz
2x(ay — z)
Subject Teacher —

Divide throughout by (ay — z), we get,

dx +a dy =dz

2x e a dy — dz
a—x? (ay—2) 7 (ay—2)
) —2x dx ady — dz _0
a—x? (ay — 2)

Integrating we get,
—In(a—x?)+In(ay —z)=1Inb
n 22 —inp

a—x

ay — z

5> = b.... This is Required Complete Integral.
a—x



Solution of PDE by using Charpit's

Problem 4:

e e Solve the PDE 2(z + xp + yq) = yp? by Charpit's method

Let

f=2(z+xp+yq)-yp*>=0 (25)



Subject Teacher

8_p fo = 2x — 2yp
of
— =f=2
dqg ° v
Charpit's Auxiliary equation is,
dx dy dz _ —dp  —dq
o fo pPhtafy f+pfh f,+qf;
dx dy dz —dp —dq
2x—2yp 2y 2% 292129 2p+2 29— p?t2g
dx dy dz —dp  —dq

2x—2yp 2y 2xp—2ypP+2yq 4p Aq—p?



Solution of PDE by using Charpit's

Solution of Problem 4 Continue...

Consider,
dy —dp
Subject Teacher Z - 4p

Integrating,we get
2Iny=—Inp+1Ina
Iny? +Inp=1Ina = Iny’p=1Ina
a

L p=—
3 y
Using p = — in equation (25)
y
a a
2z +2x— +2yqg— y(—=)?> =0
y22 (y2)2
a
2z+—+2yq (5)=0



Solution of PDE by using Charpit's

Solution of Problem 4 Continue...

a2 z xa

T o4 3
Consider, p dx +q dy = dz

Subject Teacher

a a V4
—dx+< — == )dy dz
y? gy“ y y?

a a V4 Xa

}7 dx + Wdy—}—/dy—ﬁdy:dz
dx — xd s @l
a(yx Xy>+ dy

= ydz + zdy
2 y3

y' 23
Integrating we get,



Solution of PDE by using Charpit's

Solution of Problem 4 Continue...

Integrating we get,
2

Subject Teacher

X
a}—/——zzyz+b

This is Required Complete Integral.



Subject Teacher




Charpit's Auxiliary equation is,

dx dy dz ~ —dp  —dq
f;n fq pf}:‘i‘qfq_&‘i‘pfz_fy‘i‘qu
dx _d7y_ dz _ —dp _ —dq
xy+q pty xptaptpatys py—yp qg—z—aqy
dx _ dy dz dj _ —dq

xy+q pty xp+2pq+yq 0 q—z—gqy



Solution of PDE by using Charpit's

Solution of Problem 5 Continue...

Consider, J
EachRatio = Fp
s.dp=0
Integrating,we get
S.op=a
Using p = a in equation (26)
axy +ag+qy —yz=20

qla+y)=yz—axy
y(z — ax)

at+y

Subject Teacher

. q=



Solution of PDE by using Charpit's

Solution of Problem 5 Continue...

Consider, p dx + g dy = dz

Subject Teacher ,. a dx_’_'@ dy = dz
aty
Y(Z=2)
aty
y _ dz — adx

aty P (z-ax)
y+a—a dz — adx
dy =
aty (z — ax)

a dz — adx
aty (z — ax)




Solution of PDE by using Charpit's

Solution of Problem 5 Continue...

St e Integrating we get,
y—aln(a+y)=In(z—ax)+b
y—In(a+y)?—In(z—ax)=0b
y—I[n(a+y) +In(z—ax)]=»b
y—In(a+y)(z—ax)=0b
y—b=In(a+y)’(z— ax)
(a+y)(z—ax)=e"°
(a+y)*(z — ax) = ce¥
This is Required Complete Integral.



Solution of PDE by using Charpit's

Problem 6:

Solve the PDE p?x + gy = z by Charpit’s method

Let

Subject Teacher

f=p°’x+q’y —z=0 (27)
of
—:&: 2
¥
—:f‘-y:q2



Subject Teacher

Charpit's Auxiliary equation is,

%_Q_ dz _ —dp  —dq
fo B f _pr+qfq_ ﬁ<+sz_ f,+qf;
dx dy dz —dp  —dq

2px  2qy  2px+2¢% pPP-p GF—gq



Solution of PDE by using Charpit's

Considzer,
e Each Ratio = %
Similarly,
g*dy + 2qydq
2¢°y
p?dx +2pxdp  q*dy + 2qydq
2p°x 2%
Integrating,we get
Inp’x =Ing?y +1Ina

Each Ratio =

2
a
Inp?x = Inag’y = px = ag’y = p? = 20

ay
L P=4/—q
X



Solution of PDE by using Charpit's

Solution of Problem 6 Continue...

Using p = ”a_yq in equation (27)

Subject Teacher ayq
——x+qy=z
X

2)(1+a)=z = = ———

q°y( ) =TT
. - Z
Tyt a)

using value of q in p

ﬁ\/ (1+a
\/ (1+a



Solution of PDE by using Charpit's

Solution of Problem 6 Continue...

Consider, p dx + g dy = dz

Subject Teacher az V4
x(1+ a) y(1+a)
dx n 1 dy _ dz
l+a)vx V(@+a)yy vz
Integrating we get,

T (1+ VY =2zt
V% + 7 = VAT I(v/Z +b)

This is Required Complete Integral.

dx +




Subject Teacher




Subject Teacher

Charpit's Auxiliary equation is,

%_Q_ dz _ —dp  —dq
fo B f _pr+qfq_ ﬁ<+sz_ f,+qf;
dx dy dz —dp  —dq

2px  y  2p>x+qy pPP—p q—gq



Solution of PDE by using Charpit's

Solution of Problem 7 Continue...

Consider, J
EachRatio = Fq
s.dg=0
Integrating,we get
S.qg=a
Using g = a in equation (28)
—a
p2X—|—ay—z:O =>p2x:z—ay :>p2=u

z—ay




Solution of PDE by using Charpit's

Solution of Problem 7 Continue...

Consider, p dx + g dy = dz
Subject Teacher Z — ay

dx + ady = dz

d
\/z—ay\/—))(_(:dz—ady
ﬂ_dz—ady
VX \zZ—ay

Integrating we get,
2/x=2/z—ay+b
VX—yzZ—ay=b

This is Required Complete Integral.



Special types of First Order Partial
Differential Equations

Type 1. PDE involving p and g only
PDE involving p and q only

The equation containing p and g only is of the form

Subject Teacher

f(p,q)=0 (29)
of
of



Special types of First Order Partial
Differential Equations

Type 1: PDE involving p and q only Continue...
of

Subject Teacher @ — Iz = 0
of
— =1
op "
of
Z _f
dqg °
Charpit's Auxiliary equation is,
%_ﬂ_ dz _ —dp  —dq
T phAal LRl G4al
dx dy dz _—dp —dq

f,  f, ph+tqf, O 0



Special types of First Order Partial

Differential Equations

Type 1: PDE involving p and q only Continue...

Now, EachRatio = _po

S.dp=20
Integrating we get, p=a
Using p = a in equation (29), we obtain
q = ®(a)
using values of pand q in p dx + g dy = dz

a dx+ ®(a) dy = dz
Integrating

ax +®(a)y=z+b>b

ax +®(a)y —z=0>b

Subject Teacher



Type 1: PDE involving p and q only

Problem 1:

Solve the PDE p + g = pq
Subject Teacher

Let

f=p+q—pg=0 (30)

It contains only p and q.
p = a = constant
.. p = a = constant
Using p = a in equation (30)
. a+qg=aq



Type 1: PDE involving p and q only

Solution of Problem 1 Continue...

| c.aq-q=a
Subject Teacher . q(a = 1) — a
a

L. =

a—1
a

q f—
a—1
Consider, p dx + g dy = dz
a
adx+——dy=dz
a—1

: ay

Integrating we get, ax + —— =z

a—1
a(a— 1)x + ay = (@ — 1)z... Required Solution



Special types of First Order Partial

Differential Equations

Type 2: PDE not involving independent variables x and y

Subject Teacher

Type 2:PDE not involving independent variables x and y

The equation containing p and g only is of the form

f(p.gq,z)=0 (31)
of
of

f,=0

dy



Special types of First Order Partial

Differential Equations

Subject Teacher

Charpit's Auxiliary equation is,

_x_ﬂ_ dz _ —dp  —dq
fo B f _pr‘i‘qfq_ ﬁ<+sz_ f,+qf;
dx dy dz _—dp —dq

f,  f,  ph+aqf, pfh.  df.




Special types of First Order Partial
Differential Equations

Type 2: PDE not involving independent variables x and y
Continue

—dp —dq

Subject Teacher =
Ptz qf;

—d —d
_, —dp_ —dg
p q
Integrating we get,

Inp=Ing+1Ina
Inp=Inagq
p=aq
Using p = a in equation (31), we obtain expression for q
using values of p and q in p dx + g dy = dz
Integrating we get required solution



Type 2: PDE not involving independent
variables

Problem 1:

Solve the PDE p?z2 +¢° =1

Subject Teacher

Solution
It is of the form

f(p, q,z) = p?z22+¢*—1=0 (32)

Putp = aqg in (32) then a?q?z° + ¢ =1
= q?(a°2°+1)=1 = ¢° = !
1
a’z2 +1

a’z2 +1



Type 2: PDE not involving independent

variables

Solution of Problem 1 Continue...

Using value of q in p = aq
a

Subject Teacher p= a2Z2 e ]_
Consider, p dx + q dy = dz
———— dx + . dy = dz
a2z2 +1 a?z2+1
adx + dy = v a?z? + 1dz
Integrating we get,

1
ax+y=a/ z2+?

z 1 1 1
ax+ty=a|l\/Z2+S+—=h|z++/22+ 5
z a? 22 a2

This is Required Solution




Type 2: PDE not involving independent

variables

It is of the form

f(p. 9, 2) = pa + q> = 3pzg =0 (33)

Put p = aq in (33) then ag® + q° = 3aq°z
— q%(a+ q) = 3a¢*z
— (a+q) = 3az
g=3az—a=a(3z—-1)



Type 2: PDE not involving independent

variables

Solution of Problem 2 Continue...

Using value of g in p = aq
Subject Teacher [0) = 32(32 - ].)

Consider, p dx + q dy = dz
a?(3z—1) dx+a(3z—1) dy = dz

dz
] 3z—-1
Integrating we get,
In(3z —1)

a’dx + ady =

a’x + ay = +b

n@3z-1)

This is Required Solution

a’x + ay =



Type 2: PDE not involving independent
variables

Problem 3:

Find the complete integral of z?(p?z? + ¢°) = 1

Subject Teacher

It is of the form

f(p, a,2) = 2%(p°2* +¢°) —1=0 (34)

Put p = aq in (34) then 22(a?¢°2* + ¢%) = 1

— 22¢*(?22+1)=1 = ¢*= :
1

/222 +1

z%(a%z2 +1)



Type 2: PDE not involving independent

variables

Solution of Problem 3 Continue...

Subject Teacher USIng Value Of q |n p = aq
a

zv/a?z2 +1
Consider, p dx + q dy = dz
1
2 dx + ————= dy = dz

zva*z2 +1 zva*z2+1
adx + dy = zv/1+ a?z%dz
Integrating we get,

ax+y=[zV1+ a?z%dz+ b



Type 2: PDE not involving independent

variables

Solution of Problem 3 Continue...

For integration, we use substitution method
Subject Teacher Put 1 + a222 — t
— 2a%zdz = dt

ax+y—b=——

3
2

3a%(ax +y — b) = (a’z> + 1)
This is Required Solution.



Type 2: PDE not involving independent
variables

Problem 4:

Find the complete integral of g2 = z2p?(1 — p?)

Subject Teacher

It is of the form

f(p, 4, 2) = 4> — 22p*(1 — p*) = 0 (35)
Put p = aqg in (34) then ¢° = z%3%¢°(1 — a%¢?)
2.0 _ _ .22
—1-a q _ﬁ =1 - ﬁ—aq
a’z? -1

2 2
3272



Type 2: PDE not involving independent

variables

Solution of Problem 4 Continue...

2.2
, az 1

S Q= 42
atz
Subject Teacher A /Z2 a2 . 1
. q B 322.
Using value of g in p = aq
avz2a2 -1
p=—5_"—
a’z
Vz2a2 —1
P= az
Consider, p dx + q dy = dz
Vz2a? -1 Vz2a?2 -1
—— dx + — dy = dz
az a’z
a
adx +dy = ——2 _dz

VZz2a2 — 1



Type 2: PDE not involving independent

variables

Solution of Problem 4 Continue...

Integrating we get,
2

az
Subject Teacher ax + _y = f \/ﬁdz + b
For integration, we use substitution method
Put a?z> — 1 =1t
dt

— 2a%zdz = dt = a’zdz = >

dt
ax+y:f\/?7+b

2\/_

ax+y=——

ax+y = \/32227+b

This is Required Solution.



Special types of First Order Partial
Differential Equations

Type 3: Separable Form
Type 3: Separable Form

The partial differential equation is said to be separable if
it can be written in the form

Subject Teacher

f(x,p)=g(y.q) (36)
LetF—afé p)—8&(y.q)=0
o = F=*
OF

—:F = —8x
Oy Y g



Special types of First Order Partial

Differential Equations

Type 3: Separable Form continue...

oF
Subject Teacher E - FZ — O
oF
8_p =F =1
oF
8_q = Fq = —gq
Charpit's Auxiliary equation is,
_x_ﬂ_ dz _ —dp  —dq
G Bhral Rl Gk
dx dy dz _ —dp —dq

fo -8 Ph—0q8 f -8



Special types of First Order Partial

Differential Equations

X
Consider, — =
onsider, i

oo fdx + ?pdp =
sod[f(x, p) =0
Integrating we get,
f(x,p) =a
Similarly using this in (36)
gly,q)=a
obtain expression for p and q from above two equations
using values of pand q in p dx + g dy = dz
Integrating we get required solution.

Subject Teacher



Type 3: Separable Form

Problem 1:
Find the complete integral of p?> + g> = x + y
Subject Teacher

Given equation is
PP+a?=x+y
p2—X=y—q2
It is of the form
f(X,p) :g(Y7Q)
Let f(x,p)=p>—x=a
p2 =atx
p=+vx+a



Type 2: PDE not involving independent

variables

Solution of Problem 1 Continue...

Similarly, g(y,q) =y —¢*=a
Subject Teacher q2 =y—a
9=y =3
Consider, p dx + q dy = dz
Vx+adx+./y—ady=dz
(x + a)2dx + (y — a)2dy = dz
Int3egrating We3get,
X+ a)2 — a)2
(+2)t  =2)

2 2

=z+b

3
(x+a)2 +(y—a)2 = 5(z+b)
This is required solution.



Type 3: Separable Form

Problem 2:

Find the complete integral of p?y(1 + x?) = gx*

Subject Teacher

Given equation is
Py(1+x%) = qx*

, (14 X2 9
X2 y
It is of the form
f(x,p) =gy, q)

1+ x2
Let f(XaP):Pz( 2 > =4




Type 3: Separable Form

Solution of Problem 2 Continue...

2 x?
pP=a 5
Subject Teacher 1 + X

1+ x2

Similarly, g(y, q) = 9_,
y

q=ay
Consider, p dx + q dy = dz

T30 xdx + ay dy = dz
X

B xdx

\/ﬁ T aydy =dz



Type 3: Separable Form

Subject Teacher

Solution of Problem 2 Continue...

Integrating we get,
2
\/5\/1+x2+ay? =z+b
2y/av1l+x2+ay?=2z+b

This is required solution.




Special types of First Order Partial
Differential Equations

Type 4: Claraut’s Equation:
Type 4: Claraut’'s Equation:

The partial differential equation is of the form
z = px+ qy + f(p,q) Where x and y are independent
and z is dependent variable called as Claraut’s Equation.
Now let F:gx+qy+f(x,p)—z:0
F

Subject Teacher

—:FX:
oo
a:Fy:q



Special types of First Order Partial

Differential Equations

Subject Teacher

Charpit's Auxiliary equation is,

%_ﬂ_ dz _ —dp  —dq
fp—fq_P@‘i‘qfq_ﬂ‘i‘sz_fy‘i‘qu
dx  dy dz _ —dp
x+f y+f Xp+lzlfp+yq+qfq p—p
—aq

qa—4q



Special types of First Order Partial

Differential Equations

Type 4: Claraut's Equation continue...

Consider, Each Ratio = @

Subject Teacher s.dp=0 0

Integrating we get,
p=a

Now Consider, Each Ratio = @

s.dg=0
Integrating we get,
g=>b
using values of p and q in z = px + qy + f(p. q)
z=ax+ by +f(a,b)
Integrating we get required solution.



Type 4: Claraut’s Equation:

Problem 1:

Find the complete integral of (p+ q)(z — px —qy) =1

Subject Teacher

Given equation is
1
Z—px—qy=——
P‘{q
z=px+qy+——
p qy ps

It is of the Claraut’s Equation form
Hence its solution is,

1
— by 4+ —
il ey

where a and b are constants.



Subject Teacher

Jacobi's Method

Jacobi’s Auxiliary Equation

Show that the Jacobi's Auxiliary Equation is
dxq i dxo . dx3 i dps i dp> _ dps

—f, _fpz ; _f;33 f><1 B &2 B f><3

P1

This method is used for solving first order partial
differential equation involving 3 or more independent
variables.

Let

f(x1, x2, X3, P1, P2, p3) =0



Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...

be first order partial differential equation where z is
Subject Teacher funCtlon Of X]_, X2 and X3 and,

o T _or
p1 = axla P2 = 8X2’ p3 = 8X3
such that
pP1 dX1 + p2 dX2 + p3 dX3 =dz (38)

The Jacobi's method is same is same as that of Charpit's
method. The main thing of Jacobi's method is to obtain
two additional equations.



Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...

Subject Teacher

Fl(XlaXZaX37p17p2ap3) =a (39)

and

Fa(x1, X2, X3, p1, P2, P3) = a2 (40)

where a; and a, are arbitrary constants.
We find p1, p2, ps from (37) , (39) and (40) such that
equation (38) will be integrable.



Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...

Differentiate (37) and (39) w.r.t. x;

Subject Teacher

of  Of % of Op, Of Ops

or o e e 41
0x1 * 8p1 8X1 8[)2 8X1 8p3 8X1 0 ( )
Similarly,
oF, 0F 0 0F; 0 0F, 0
1 1ﬂ+ 1 P2+ 1&20 (42)

8_x1+8_p1'8x1 8P2.8X1 6P3'8X1



Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...

F f
Subject Teacher Mult'ply (41) by a_ an d (42) by 8_ then

op
take (41) - (42)

op1

of OFy  OF; Of of OFy  OF, Of \\ Op,
<(9_X13_,Dl - 8_)(18_131) (5P2 Ipy 3,02 3P1> 3_X1
<8f oF  O0R 87‘) Ops _o
dpsOp1 Op3 dp1 ) Ixi

(43)



Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...

Similarly, Differentiate (37) and (39) w.r.t. x,
Replace x; = xp, p1 = p», p3 = constant

Subject Teacher

(afaFl 6F18f) (ﬁ%_%&f)%
Ox Op2  Ox2 Op> Op1Op>  Op1Op2 ) Ox2

Ops Op,  Ops Op ) Ox,

=0
Op3Op>  Op3 Op2

(44)



Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...

Similarly, Differentiate (37) and (39) w.r.t. x3
Replace x; = x3, p1 = p3, p» = constant

Subject Teacher

(ﬁ% _ %ﬁ) N (ﬁ% _ %ﬁ) op.
Ox3 Ops Ox3 Ops Op2 Op3 Op20p3 ) Ox3
(ﬁ% _ %ﬁ) o _
Op1Ops  Op19p3) Ox3
(45)

Adding (43) , (44) and (45) and using
Opp 0 0z 0Pz 0 0z  Op

Iq Oxqdx Oadx Oxda  Ox




Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...
dp2 _Opr Ops _ Op ops _ Op2
Subject Teacher using & Ox1  Oxx'  Ox1 Oxs and e Ox,  Oxs
of 8F1 8F1 of n of 8F1 @Fl of
axl a,01 aXl 0P1 8X2 3[32 3X2 aP2
of oOFy  0OF, Of
8X3 8,03

we get,

B OF, Of \
ox, Op, )




Jacobi’s Auxiliary Equation

Proof of Jacobi's Auxiliary Equation...

It's Auxiliary equation is,

Subject Teacher

This relation is known as Jacobi's Auxiliary Equation.
Similarly from (37) and (40) we get,

3

S~ (97 0F: _0F of
Ox, Op,  O0x, Op,

After finding F-1= aj;andF, = a,.solving the equations



Solution of PDE by using Jacobi's Method

Problem 1:

Solve the PDE p;* + p»? + p3 = 1 by Jacobi’s method

Subject Teacher

Let
f=pi+p?+ps—1=0 (46)
of
—:f;:
o
=f, =0

. — Ix
8x2 ?



Subject Teacher




Subject Teacher

d
EachRatio — % = dp; =0
Integrating,
p1 = a.....where a is constant
dp>

Similarly, EachRatio = o —>dp, =0

Integrating,
p> = b.....where b is constant
Using p1 = a and p, = b in equation (46)
F+b+p=1 = ps=1-3a°—-b?



Solution of PDE by using Jacobi's Method

Solution of Problem 1 Continue...

Using the values of p;, po and ps in
p1 dxy + po dxo + p3 dxz3 = dz
Consider, p; dx; + p> dxo + p3 dx3 = dz
a dxg+ b do+(1—a%—b?) dxg = dz
Integrating we get,
axitbx+(1-a3—-—b)x=z+c
Required Solution.

Subject Teacher



Solution of PDE by using Jacobi's Method

Problem 2:

Solve the PDE 2p1 X1 X3 + 3p2 X32 aF p22 P3 = 0] by
Subject Teacher Jacob|'s method

Solution
Let

f=2p1xix3+3px3®+p2ps =0 (47)
of
8_x1 =f,=2p1x3
of



Solution of Problem 2 Continue...

g_); =f,=2p1x1+6px3

Subject Teacher % = iy, = L3056
g_; —f, =3x2+2pps

86_;3 = fp, = po?

Jacobi’'s Auxiliary equation is,




dxp dx3 dpy dpy
—(2x1x3)  —(3x32+2p) p3)

EachRatio = % = dp, =0

Integrating,
p> = a.....where a is constant
Similarly, Consider,

—p?  2p1x3

Subject Teacher

dq  dp
—(2 X1 X3) 2,01 X3
dX1 . dp1
—X1 P1
Integrating,

—Inxy=Inp; —1Inb

dp3

0 2pixi+6pmxs




Solution of PDE by using Jacobi's Method

Solution of Problem 2 Continue...

Inx; +Inp; =1Inb
Inxypy =Inb = x1py = b

Subject Teacher
b :
p1 = —.....where b is constant

b
Using p1 = — and p, = a in equation (47)
X1

b
2—X1X3+33X32+32P3:0

X1
a’p3 = —2bxz —3ax3?
1
p3 = (2bX3+33X32)

22



Subject Teacher

Solution of PDE by using Jacobi's Method

Solution of Problem 2 Continue...

Using the values of p;, p, and ps in
p1 dx1 + p2 dxo + p3 dxz = dz
Consider,
p1 d>;)1 +p2 dxo+ p3 dg = dz
1
— dxq+ado— —(2bxs + 3ax3?)dxs = dz
X1 a
Integrating we get,
1 2 3
b Inx1+ax2——2 <2bxi—|—3axi> =z+c
a

2 3

3
X3

blnxg+ax——=x2——"—=z+c
a2 a

Required Solution.



Subject Teacher

f=pix1+pxe—ps>=0
of

_— f‘;( —
axz 2 p2

:f;(l:pl



Solution of PDE by using Jacobi's Method

Solution of Problem 3 Continue...

of

-
Subject Teacher
opy for = X1
of
op
of
o foy = —2p3

Jacobi’'s Auxiliary equation is,

da _ do  ds  dp dpy

_fpl . _fP2 . _fp3 fX1 : f;<2




Subject Teacher

d,
EachRatio = % —dp3 =0

Integrating,
p3 = a.....where a is constant
Similarly, Consider,

dX1 . dpl
—X1 P
Integrating,

—Inxy =Inp; —1Inb



Solution of PDE by using Jacobi's Method

Solution of Problem 3 Continue...

Inx; +Inp; =1Inb
Subject Teacher |n lel — |n b : lel — b

b :
p1 = —.....where b is constant

b
Using p1 = — and ps3 = a in equation (48)
X1

2—X1+p2X2—32:0
X1
poXxo=a>—b

a>—b

X2

P2 =



Solution of PDE by using Jacobi's Method

Solution of Problem 3 Continue...

Using the values of p;, p» and p3 in
P1 dX1 + p2 dX2 + p3 dX3 =dz

Subject Teacher

Consider,

pP1 dX1 + po dX2 + p3 dX3 = dz
b a’>—b
— Xm = dX2 ol adx3 =dz
X1 X2

Integrating we get,
binxg+(a®>—b) Inx, +ax3=z+c
binx; +(a®>—b) Inxo+axs=z+c
Required Solution.



Solution of PDE by using Jacobi's Method

Problem 4:

Solve the PDE p; p» p3 = 23 x; xo x3 by Jacobi's method

Subject Teacher

Let

P1 p2 p3 = X1 % X3
Dividing by 23
1
(; Pl)(; Pz)(; P3) = X1 X2X3
Put u =logz
Differentiate w.r.t. x;, we get
du 10z 1

o zox oz



Solution of PDE by using Jacobi's Method

Solution of Problem 4 Continue...

1 1 1
Take P, =~p1, Po==-p>, P3=-p3
z z z

Equation becomes,
P1 P> P3 = x1 X0 X3

Subject Teacher

f: P1P2P3—X1X2X3:O (49)
of
(’3_x1 =fy = — X2,
of
% — sz = —X1 X3,
= f;<3 = —X1 X3,

x5



Solution of PDE by using Jacobi's Method

Solution of Problem 4 Continue...
of
P Py 2 3
Subject Teacher af

9P,
of

OPs

=fp, =P P3

= fp, = PL P,

Jacobi’s Auxiliary equation is,

dxy dxo dx3

—PPs  —PlP3s  —PiP,  —xpx3 —X1X3 —X1X2




Solution of PDE by using Jacobi's Method

Solution of Problem 4 Continue...

Consider

dx dP;
Subject Teacher _ P2 P3 —Xp X3
P 1 Xm d P 1

" PiPyPs B X2X3
P]_dX]_ . ﬂ

=— ... By Equation (49)
X1X2X3 X2 X3
Xm . dP1
X1 B P:
Integrating,

;. logx; = log P, — log a
;. logx; 4+ loga = log P;
P; = axq.....where a is constant



Solution of PDE by using Jacobi's Method

Solution of Problem 4 Continue...

Similarly, Consider,

dX2 . dP2
Subject Teacher _P1P3 =S _X1X3
P2dX2 . dP2
’ P1P2P3 B X1X3
Pydx,  dP
Avs S .. by equation (49)
X1X2X3 X1X3
dX2 . sz
X2 B P>
Integrating,

. logx, = log P, —log b
. logxo + log b = log P,
P> = bx,.....where b is constant



Solution of Problem 4 Continue...

Using P, = ax; and P, = bx; in equation (49)
C.oa Xg bX2 P3 — X1 Xo0X3 = 0
. a X1 bxo P3 = X1X2X3
X

Subject Teacher

a
Using the values of p;, p» and ps in in
P1 Xm aF P2 dX2 aF P3 dX3 = dz

.axy dxg + bxy dxo + X—de3 = dz
a
Integrating we get,

axi 2 bX22 X32

o 2 +23bz+c

a’bx1? + ab®x>® + x3?> = 2abz + c... Required Solution.




Subject Teacher

Solution of PDE by using Jacobi's Method

Problem 5:

Solve the PDE p? x + g? y = z by Jacobi's method

Solution

Jacobi's method is used for solving first order partial
differential equation involving 3 or more independent
variables. Here x and y are independent and z is
dependent variable. So we consider z as independent
variable




Solution of PDE by using Jacobi's Method

Solution of Problem 5 Continue...

Let
ou ou ou

Subject Teacher U = U, = Uz =
1— 50y 2= 35—, U3 =

6)(’ ay’ 0z
wup+u3 p=0
U1

us
.. u»
Similarly, g = ——
us

Using this in (1)

ou? x—l—uz y—u322



Solution of PDE by using Jacobi's Method

Solution of Problem 5 Continue...

Let
Subject Teacher f=uix+uw’y—u’z=0 (50)

of
% =L = Ulz,
3y fy = wn?,

of

— =f, =2u; x

or " o

a_u2 = fu2 = 2U2y and a_u?’ — fu3 = _2U3Z



Solution of PDE by using Jacobi's Method

Solution of Problem 5 Continue...

Jacobi’s Auxiliary equation is,

Subject Teacher

dy  dz  duy du  dus
2 x =2y —2uzz 2 w2 —uz?

Consider




Solution of PDE by using Jacobi's Method

Solution of Problem 5 Continue...

Integrating,

Subject Teacher —5 |0gX = |Og u — |Og a
", logu,? +logx = log a
. logu;’x = log a
" U12X = a
a .
Uy = 4/ —..... where a is constant

Similarly, Consider,
dy  du
—2up y B U2
dy  du

-2y W



Solution of PDE by using Jacobi's Method

Solution of Problem 5 Continue...

Integrating,

1
Subject Teacher "o _E Iogy — |Og Uy — |Og b
. log? +logy = logb
" |0g u22y = |Og b u22y =b

—.....where b is constant

Using u; = \/7and U, = \/7|n equation (50)

x4 y—U3 °z=0 = - ulz=a+b
X y

at+b
z

usz =



Solution of PDE by using Jacobi's Method

Solution of Problem 5 Continue...

Using the values of u;, 1, and w3 in in
Subject Teacher Ul dX + U2 dy + [_]3 dZ f— du

\/7dx+\/»d +\/a+ dz = du

f+ff+¢—f

Integrating we get,

2v/ax + 2+/by + 2/( a+bz—u+c

But u(x,y,z) =

Vax + /by +\/a+bz—c

Required Solution.



