Art's Commerce and Science College,Onde

Tal:- Vikramgad, Dist:- Palghar

Practical No 6 : Solve initial value
problem for quasi-linear PDE

Subject Teacher
Santosh Dhamone

Assistant Professor in Mathematics
Art’s Commerce and Science College,Onde
Tal:- Vikramgad, Dist:- Palghar

ssdhamone®@acscollegeonde.ac.in

July 29, 2023



Contents

Solve Initial Value Problem for Quasi-Linear PDE.



Practical No 6 : Solve Initial Value

Problem for Quasi-Linear PDE.

Problem 1:

Example 1

Subject Teacher

Find the general solution of the quasilinear PDE

a@ a—u*O
ox  odt



Practical No 6 : Solve Initial Value

Problem for Quasi-Linear PDE.

Solution  The given PDE is of the form

a—u+b@ =c
ox at
where
b=1, c=0

Using equation (9b), we have the reciprocal of the slope of characteristic curves

dx a

dt b
Separating the variables and integrating to obtain

x =at+4
where 4 is an arbitrary constant. Further, from (9a), we have

du ¢

dr ~ b
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which leads to

where B is an arbitrary constant. Thus,
x—at = A, u=2~B

is a two-parameter family of characteristic curves. Specifying B as a function of 4 defines a
one-parameter family of characteristic curves, a solution surface. Thus, the general solution is
expressed by writing B = f(4). Therefore, the general solution is

u(x,y) = flx—at)

where f(-) is an arbitrary function. By direct substitution, it is east to see that we do indeed
have a solution of the equation for arbitrary f.
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Problem for Quasi-Linear PDE.

Problem 2:

Example 2

Subject Teacher

Find the general solution of the quasilinear PDE

au du
8x yay
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Problem for Quasi-Linear PDE.

Solution  The given PDE is of the form
du du
ZZ i plt =
dax * dy ¢
6
where
a=x, b=y c=u

From the Lagrange—Charpit equations (8), we have

d_x_dy_du

x y u
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Problem for Quasi-Linear PDE.

From the Lagrange—Charpit equations (8), we have

dx _dy _du

X y u

Using the first of Lagrange—Charpit equation, we have the reciprocal of the slope of characteristic

curves
dx x

dy
Separating the variables and integrating to obtain
Inx = Iny+1n4 == x = Ay

where A is an arbitrary constant. Further, we have

du u

dy
Separating the variables and integrating to obtain

Inu = Iny+InB == u = By
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where B is an arbitrary constant. Thus,

is a two-parameter family of characteristic curves. Specifying B as a function of 4 defines a
one-parameter family of characteristic curves, a solution surface. Thus, the general solution is
expressed by writing B = f(4). Therefore, the general solution is

ulx.y) = yf (;)

where f(+) is an arbitrary function. By direct substitution, it is east to see that we do indeed
have a solution of the equation for arbitrary f.
It may be noted that had we selected the equations of the form
dy y du u

dx X dx  x
we would have obtained the general solution as

u(x,y) = xg(y )

X

where g(+) is an arbitrary function
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Problem for Quasi-Linear PDE.

Problem 3:

Example 3

Subject Teacher

Find the general solution of the quasilinear PDE

2P~ ()
ox Byixyu
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Problem for Quasi-Linear PDE.

Solution  The given PDE is of the form

where

a=x% b=y, c= (x+y)u
From the Lagrange—Charpit equations (8), we have

dx _dy  du

2y (x4

Using the first of Lagrange—Charpit equation, we have the reciprocal of the slope of characteristic

curves
dx  x*

dy »?
Separating the variables and integrating to obtain

=y
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Problem for Quasi-Linear PDE.

du

where A’ is an arbitrary constant. In addition, when we subtract the equation dy:yz( )
x+y)u

to obtain

from dx = x?
(x+y)u
du — dx—dy _ du

dx —dy = (x27y2)(x+y)u xX—y u

where B is an arbitrary constant. Thus,

X u

o, b
xX=y xX=y

is a two-parameter family of characteristic curves. Specifying B as a function of 4 defines a

one-parameter family of characteristic curves, a solution surface. Thus, the general solution is

expressed by writing B = f(4). Therefore, the general solution is

u(wy) = (=9)f (;‘%y)

where f(-) is an arbitrary function.
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Problem for Quasi-Linear PDE.

Subject Teacher

Problem 4:

Example 4

Find the general solution of the Cauchy problem governed by the quasilinear PDE

du du
ot Uz, = 291
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Problem for Quasi-Linear PDE.

Solution  The given PDE is of the form
du du
x + ba—y c

where
a =2y, b=u, c:2yu2

From the Lagrange—Charpit equations (8), we have

dx dy du

- w
Using the first of Lagrange—Charpit equation, we have the reciprocal of the slope of charac
curves
dx 2y
dy u
Further, we have
du 2y’

D =2yu (for u#0)
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Problem for Quasi-Linear PDE.

Separating the variables and integrating to obtain
du
/—:2/ydy+1nB = Inu = y* +InB
u
where B is an arbitrary constant. The above equation can be rewritten as
u=Be"

Plugging the value of u in the expression for dx/dy yields

dx 2y

B
which on integration
B/dx = /2ye’}2dy+A = Br = —e 7 +4
where A is the second arbitrary constant. Thus,

Bx+e? = A, u=Be”
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Problem for Quasi-Linear PDE.

is a two-parameter family of characteristic curves. Specifying B as a function of 4 defines a
one-parameter family of characteristic curves, a solution surface. Thus, the general solution is
expressed by writing B = f(4), where

2 2 2 2
A=Bx+e” =ueVx+e” = (xut+1)e”

which gives
u(x,y) = eylf{(l +xu)e’}2]

an implicit relation for u(x,y), where f(-) is an arbitrary function.
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Problem for Quasi-Linear PDE.

Problem 5:

Example 5

Subject Teacher

Find the solution of the Cauchy problem governed by the linear PDE

a@+a—u*0
ox ot

that takes on the values

I ifx<o
F(x) = u(x,0) = 3
2x+3  ifx>0
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Problem for Quasi-Linear PDE.

Solution

The given PDE is of the form

aa—u + bﬁ =c
ox ot
where
b=1, c=0
From the Lagrange—Charpit equations (8), we have
dx dt du
a1 0
Using the Lagrange—Charpit equation, we have the reciprocal of the slope of characteristic
curves
dx
Y7 a

Separating the variables and integrating to obtain
x=at+A4
where A is an arbitrary constant. Further, we have

du
Efo
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which leads to
u=2~B

where B is an arbitrary constant. Note that for selecting the second equation above, we have
two choices; they are du/dt and du/dx. We select du/dt if the Cauchy data is specified on
t =0 line as a function of x. On the other hand, du/dx is selected if the Cauchy data is specified
on x =0 line as a function of .
Thus,
x—at =4, u=2~B

is a two-parameter family of characteristic curves. For solution curves to pass through the initial
data, F(x) =u(x,0) = —x/3 for x <0, we set

3
=4 —2 =B A= B=-2
§ =4, 3 = g, 3

where & is a constant (x-intercept, in this case) that identifies a characteristic curve. Thus, the
characteristic and solution curves through this part of the initial curve are

x=at+&, u=—-=
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Problem for Quasi-Linear PDE.

Eliminating & from the second equation using the first yields

u(x,t) = 7%(x7at) = %(atfx)

We could also obtain the general solution first and then use the Cauchy data to obtain the
particular solution. The general solution is expressed by writing B = f(4) as follows

u(x,t) = f(x—ar)

where f(-) is an arbitrary function. For solution curves to pass through the initial data, u(x,0) =
—x/3 for x <0, we set
x—at

3

5=/ = faea)=-

Therefore the solution of the PDE for x <0 is

ulx,t) = f(x—at) = %(atfx)

For solution curves to pass through the initial data, F(x) = u(x,0) =2x+3 for x > 0, we
set
& =4, 26+3=8B = 4=¢, B=2E+3

Thus, the characteristic and solution curves through this part of the initial curve are

x=at +§&, u=2E+3
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Problem for Quasi-Linear PDE.

Eliminating & from the second equation using the first yields
u(x,t) =2(x—at)+3

Again, we could obtain the general solution first and then use the Cauchy data to obtain
the particular solution. The general solution is expressed by writing B = f(4) as follows

u(x,t) = f(x—ar)

where f(-) is an arbitrary function. For solution curves to pass through the initial data, u(x,0) =
2x+3 for x >0, we set

2xx+3=f(x) = fx—at) =2(x—at)+3
Therefore the solution of the PDE for x > 0 is
u(x,t) = f(x—at) = 2(x—at) +3

The solution surface is composed of two planes, and to determine regions in the (x,#) plane onto
which these planes project, we draw base characteristic curves. They are the lines x=ar + &
shown in Figure 1.10a. Below the characteristic curve x = at are characteristic curves along
which u = —&/3; along characteristic curves above x =at, u=2& + 1. The solution surface
in Figure 1.10b, consists of two planes above the regions corresponding to these two sets of
characteristic curves. It is discontinuous along the base characteristic curve x = at through the
point (0,0) where the initial data is discontinuous.
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Subject Teacher

Problem 6:

Example 6

Find the solution surface for the linear PDE

subject to the Cauchy condition that = sinx on y =3x+1.
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Problem for Quasi-Linear PDE.

Solution  The Cauchy condition in this case is prescribed on an oblique straight line C. The
characteristic equations of the PDE in nonparametric form is given by

dx 1
dy 2
du
dy
These equations are now solved to get the equation of characteristic curves. Integrating gives
X = z + A4, u=2~-

2
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Problem for Quasi-Linear PDE.

where 4 and B are arbitrary constants that identifies the characteristics. In fact, 4 is the x-
intercept (denoted by &) of the characteristics. The y-intercept of the characteristic line 7 is
then equal to 2&. Therefore,

Yy
- —B
x=37+ g, u

For solution curves to pass through the initial data = sinx on y =3x+1, we set

3x+1 .

x= 2 +¢&, sinx = B
2
which leads to
x=-28-1, B =sin(-2§—1)

on y=3x+1 line. Thus the characteristic and solution curves through the initial curve are
7 — i
x7§+§, u=sin(-2§—1)
Eliminating £ from the second equation using the first yields

u(x,y) = sin(y—2x—1)
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Problem for Quasi-Linear PDE.

Differentiation confirms that u(x,y) satisfies the PDE, and it also satisfies the Cauchy condition
on the line y=3x+1, so it is the required solution.

We could have also obtained the general solution first and then use the Cauchy data to
obtain the particular solution. The general solution is expressed by writing B = f(4) as follows

) = 1 (x-2)

where f(-) is an arbitrary function. For solution curves to pass through the initial data u = sinx
ony=3x+1, we set

—x—1
sinx = f( x2 > —  sin(r—1) = f(=x/2) =  f(x) = sin(=2x—1)
Therefore the solution of the PDE is

u(x,t) :f( —’;—}) = sin[—2( —g)—l] =sin(y—2x—1)
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Subject Teacher

Problem 7:

Example 7

Find the solution surface for the linear PDE

that contains the lines y = 2x, u = 2x/5. Show that the projection of the initial curve in the
(x,») plane is nowhere tangent to a base characteristic curve.
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Solution  The Lagrange—Charpit equations (8) for the PDE are

d_dy_du
37410
From this, we have
de 3 du_10
dy & dy 4

Integration of these gives characteristic curves

3 5
xfzy+A, u7§y+B
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where 4 and B are arbitrary constants. From the first of the above equation, we have
3
_Zy=4
X3y

Specifying B as a function of 4 gives a solution surface,

5 3
u= E,V‘Ff(X— Z)’)
where f(-) is an arbitrary function. For solution curves to pass through the initial data, y =2x,
u=2x/5, we set

2 3 23 X 46
3= 5x +f(x— sz> = S = f(——) = flx) = 5x
Therefore the solution of the PDE is
u(xt)*£+f x—i *§+ﬁ x—i *ﬁx—g
=g P)=PTI\TP) T

The solution surface is a plane defined for all x and y. Base characteristic curves are straight
lines y = 4x/3 +A4 with slope 4/3. Since the projection of the initial curve in the (x,y) plane is
the line y = 2x with slope 2, it is nowhere tangent to a base characteristic curve.
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Problem 8:

Example 5

Find the solution of the Cauchy problem governed by the semilinear PDE

Ju Ju

ou | ou _ -
x8x+y8y xe

subject to the Cauchy data u =0 on y = x2.
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Solution  The given PDE is of the form

a@ + b@ =c
ox  ady
where
a=x, b=y, c=xe "

From the Lagrange—Charpit equations (8), we have

d_dy _ du

x y  xet
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Using the Lagrange—Charpit equation, we have the reciprocal of the slope of characteristic

curves

dx x
Separating the variables and integrating to obtain

o _y

y = Ax

where A is an arbitrary constant. Further, we have

d_u =¥
dx
which leads to
e'=x+8B
where B is an arbitrary constant. Thus,
- A, e"—x=B8B
X

is a two-parameter family of characteristic curves. The general solution is expressed by writing
B = f(A) as follows
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e'—x=8
is a two-parameter family of characteristic curves. The general solution is expressed by writing
B = f(A) as follows
y
rnes(2)
I X

where f(-) is an arbitrary function. Applying the Cauchy data u=0 on y = x>

l-x=fx) = f(Z): _Y

X X

Therefore the solution of the PDE is

or



