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Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Problem 1:

Solve the PDE (p? + ¢?)y = gz by Charpit's method

Subject Teacher

Let
f=(pP+¢°)y—qz=0 (1)
of
ax =0
of .



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Subject Teacher

Charpit’s Auxiliary equation is,

%_Q_ dz ~ —dp  —dq
f;: fq_pf;:‘i‘qfq_fx‘i‘pfz_fy‘i‘qu
dx  dy dz _ —dp
2py  2qy—z 2p’y + sqzy —qz 0+ (—pq)
—aq

P2+q2_q2



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 1 Continue...

dx dy dz —dp

Subject Teacher 2Py B 2qy —Z N 2p2y + 2q2y - qZ B _pq p2
J J Conmdgr two Iajt ratios
pq p q P
Integrating,

2 2
%+%:a —p’+q’=a
Using p?> + g = a in equation (1)

a
y=qz = q= "~
z

a
Usinng—yinp2+q2=a
z



Practical No 4 : Find complete integral of

first order PDE using Charpit's Method

ay
PH()V=a—=p=a-
<ot Teache 2 2,2 2 2,,2
Subject Teacher az- — a azc — a

2
Consider, p dx + g dy = dz

2_ 2

2 ay dx + ydy dz
\a —32 dx—l—aydy—zdz
ﬁ(\/zz—ay)dx:zdz—aydy

/3 dx = zdz — aydy

\/z% — ay?

Integrating we get,

= /z? — ay? + b ...Required Solution.



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Problem 2:

Solve the PDE p = (z + qy)? by Charpit's method

Subject Teacher

Let
f=p-(z+aqy)*=0 (2)
of
9y = =0
of



Practical No 4 : Find complete integral of

first order PDE using Charpit's Method

of
57 i (z+aqy)
Subject Teacher
—=f=1
op °*
of
99 fo=—2(z+qy).y
Charpit's Auxiliary equation is,
%_Q_ dz ~ —dp  —dq
fp - fq - pf;:‘i‘qfq B e A @IS B fy‘*’qu
dx dy _ dz B
1 =2y(z+qy) p—2yq9(z+aqy)
—dp —dq

—2p(z+qy) —2q(z+qy)—2q(z+ qy)



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 2 Continue...

d —d,
Consider Y = P
Subject Teacher _2y(z + q-y) _2p(z + q-y)
dy dp

p— -p

Integrating,

—Iny=Inp—Ina = Iny+Inp=Inha = yp=a
a

p="
y

a
Using p = — in equation (

a
=(z+qy)? :>2+qy—\/7 :>qy—\/7



Practical No 4 : Find complete integral of

first order PDE using Charpit's Method

(5 -2)
Sog== - —z
Y \\VVY

Subject Teacher Conslder, p dX + q d_y — dZ

1
.'.i dx + —(\/E—z>dy:dz
y y y

adx + \/gdy = ydz + zdy

a dx + \/gdy = d(yz)

Integrating we get,
ax+2/ay=yz+b
ax +2\/ay —yz=0>b
This is Required Complete Integral.




Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Problem 3:

Solve the PDE 2xz — px? — 2gxy + pq = 0 by Charpit's
Subject Teacher method

Solution
Let



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Charpit’s Auxiliary equation is,
—dq

dx dy dz —dp
o fq DA Gl e B0 iy e @i
dx _ dy _ dz . —dp _ —dq
x2+q  p—2xy plP+aq)+a(p—2xy) 2z—px—ay)+2px  —2gx +2qx
dx dy _ dz _ —dp _ ﬁ
© p®+2pq—2qxy 2z—2qy O

X24+q p—2xy



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 3 Continue...

Consider, J
Each Ratio = Fq
.dg =0
Integrating,we get
.. g=a
Using g = a in equation (3)
2xz — px? — 2axy + pa=0
. p(a-x?) =2axy — 2xz
2x(ay — z)

Subject Teacher

L p=
a— x?



Practical No 4 : Find complete integral of

first order PDE using Charpit's Method

Consider, p dx + q dy = dz

2x(ay — z)
Subject Teacher —
Divide throughout by (ay — z), we get,

2x e a dy — dz
a—x? (ay—2) 7 (ay—2)
—2x ady — dz

dx +a dy =dz

Ca-—x2 (ay —z)
Integrating we get,
—In(a—x?)+In(ay —z)=1Inb
n 22 —inp
a—x

ay — z

5> = b.... This is Required Complete Integral.
a—x



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Problem 4:

Solve the PDE 2(z + xp + yq) = yp? by Charpit’s method

Subject Teacher

Let

f=2(z+xp+yq)-yp>=0 (4)



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Subject Teacher

8_p fo = 2x — 2yp
of
— =f=2
dqg ° v
Charpit's Auxiliary equation is,
dx dy dz _ —dp  —dq
o fo pPhtafy f+pfh f,+qf;
dx dy dz —dp —dq
2x—2yp 2y 2% 292129 2p+2 29— p?t2g
dx dy dz —dp  —dq

2x—2yp 2y 2xp—2ypP+2yq 4p Aq—p?



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 4 Continue...

Consider,
dy —dp
Subject Teacher Z - 4p

Integrating,we get
2Iny=—Inp+1Ina
Iny? +Inp=1Ina = Iny’p=1Ina
a

L p=2
a v
Using p = — in equation (4)
y
a a
2z +2x— +2yg— y(—)?> =0
y22 (yz)2
a
22+ X 4oyg—(Z)=0



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 4 Continue...

a2 z xa

T o4 3
Consider, p dx +q dy = dz

Subject Teacher

a a V4
—dx+< — == )dy dz
y? gy“ y y?

a a V4 Xa

}7 dx + Wdy—}—/dy—ﬁdy:dz
dx — xd s @l
a(yx Xy>+ dy

= ydz + zdy
2 y3

y' 23
Integrating we get,



Practical No 4 : Find complete integral of
first order PDE using Charpit’'s Method

Solution of Problem 4 Continue...

Integrating we get,
2

Subject Teacher

X
a}—/——zzyz+b

This is Required Complete Integral.



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Subject Teacher




Practical No 4: Find complete integral of
first order PDE using Charpit's Method

Charpit's Auxiliary equation is,

dx dy dz ~ —dp  —dq
f;n fq_pf;:‘i‘qfq_&‘i‘pfz_fy‘i‘qu
dx _d7y_ dz _ —dp _ —dq
xy+q pty xptaptpatys py—yp qg—z—aqy
dx _ dy dz dj _ —dq

xy+q pty xp+2pq+yq 0 q—z—gqy



Practical No 3 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 5 Continue...

Consider, J
EachRatio = Fp
s.dp=0
Integrating,we get
S.op=a
Using p = a in equation (5)
axy +aq+qy —yz=20

qla+y)=yz—axy
y(z — ax)

at+y

Subject Teacher

. q=



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 5 Continue...

Consider, p dx + g dy = dz
A dx+Mdy:dz
aty
y(z — ax)
aty

y _ dz — adx
aty P (z-ax)
y+a—a dz — adx
dy =
aty (z — ax)

a dz — adx
aty (z — ax)

Subject Teacher

dy = dz — a dx




Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 5 Continue...

St e Integrating we get,
y—aln(a+y)=In(z—ax)+b
y—In(a+y)?—In(z—ax)=0b
y—I[n(a+y) +In(z—ax)]=»b
y—In(a+y)(z—ax)=0b
y—b=In(a+y)’(z— ax)
(a+y)(z—ax)=e"°
(a+y)*(z — ax) = ce¥
This is Required Complete Integral.



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Problem 6:

Solve the PDE p?x + gy = z by Charpit’s method

Subject Teacher

Let
f=p’x+qy—z= (6)
of
—:&: 2
7
—:f‘-y:q2



Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Subject Teacher

Charpit's Auxiliary equation is,

%_Q_ dz _ —dp  —dq
fo B f _pr+qfq_ ﬁ<+sz_ f,+qf;
dx dy dz —dp  —dq

2px  2qy  2px+2¢% pPP-p GF—gq



Practical No 4 : Find complete integral of

first order PDE using Charpit's Method

Considzer,
e Each Ratio = %
Similarly,
g*dy + 2qydq
2¢°y
p?dx +2pxdp  q*dy + 2qydq
2p°x 2%
Integrating,we get
Inp’x =Ing?y +1Ina

Each Ratio =

2
a
Inp?x = Inag’y = px = ag’y = p? = 20

ay
L P=4/—q
X



Practical No 4 : Find complete integral of

first order PDE using Charpit's Method

Solution of Problem 6 Continue...

Using p = 1/a—yq in equation (6)

Subject Teacher ayq
——x+qy=z
X

V4

2y(1+a)=z = q¢*°= ——
q’y(1+ a) q® )

z

y(1+ a)
using value of q in p

ﬁ\/ (1+a

(1+a)

=




Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 6 Continue...

Consider, p dx + g dy = dz

Subject Teacher az V4
x(1+ a) y(1+a)
dx n 1 dy _ dz
l+a)vx V(@+a)yy vz
Integrating we get,

T (1+ VY =2zt
A+ 7 = VAT I(yZ + b)

This is Required Complete Integral.

dx +




Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Subject Teacher




Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Subject Teacher

Charpit's Auxiliary equation is,

%_Q_ dz _ —dp  —dq
fo B f _pr+qfq_ ﬁ<+sz_ f,+qf;
dx dy dz —dp  —dq

2px  y  2p>x+qy pPP—p q—gq



Practical No 4 : Find complete integral of

first order PDE using Charpit's Method

Solution of Problem 7 Continue...

Consider, J
EachRatio = Fq
S.dg=0
Integrating,we get
S.qg=a
Using g = a in equation (7)
—a
p2X—|—ay—z:O =>p2x:z—ay :>p2=u

z—ay




Practical No 4 : Find complete integral of
first order PDE using Charpit's Method

Solution of Problem 7 Continue...

Consider, p dx + g dy = dz
Subject Teacher Z — ay

dx + ady = dz

d
\/z—ay\/—))(_(:dz—ady
ﬂ_dz—ady
VX \zZ—ay

Integrating we get,
2/x=2/z—ay+b
VX—yzZ—ay=b

This is Required Complete Integral.



Special types of First Order Partial
Differential Equations

Type 1. PDE involving p and g only
PDE involving p and q only

The equation containing p and g only is of the form

Subject Teacher

f(p,q)=0 (8)
of
of



Special types of First Order Partial
Differential Equations

Type 1: PDE involving p and q only Continue...
of

Subject Teacher @ — Iz = 0
of
— =1
op "
of
Z _f
dqg °
Charpit's Auxiliary equation is,
%_ﬂ_ dz _ —dp  —dq
T phAal LRl G4al
dx dy dz _—dp —dq

f,  f, ph+tqf, O 0



Special types of First Order Partial

Differential Equations

Type 1: PDE involving p and q only Continue...

Now, EachRatio = _po

S.dp=20
Integrating we get, p=a
Using p = a in equation (8), we obtain
q = ®(a)
using values of pand q in p dx + g dy = dz

a dx+ ®(a) dy = dz
Integrating

ax +®(a)y=z+b>b

ax +®(a)y —z=0>

Subject Teacher



Type 1: PDE involving p and q only

Problem 8:

Solve the PDE p + g = pq
Subject Teacher

Let

f=p+q—pg=0 (9)

It contains only p and g.
p = a = constant
.. p = a = constant
Using p = a in equation (9)
. a+qg=aq



Type 1: PDE involving p and q only

Solution of Problem 8 Continue...

| c.aq-q=a
Subject Teacher . q(a = 1) — a
a

L. =

a—1
a

q f—
a—1
Consider, p dx + g dy = dz
a
adx+——dy=dz
a—1

: ay

Integrating we get, ax + —— =z

a—1
a(a— 1)x + ay = (@ — 1)z... Required Solution



Special types of First Order Partial

Differential Equations

Type 2: PDE not involving independent variables x and y

Subject Teacher

Type 2:PDE not involving independent variables x and y

The equation containing p and g only is of the form

f(p.gq,z)=0 (10)
of
of

f,=0

dy



Special types of First Order Partial

Differential Equations

Subject Teacher

Charpit's Auxiliary equation is,

_x_ﬂ_ dz _ —dp  —dq
fo B f _pr‘i‘qfq_ ﬁ<+sz_ f,+qf;
dx dy dz _—dp —dq

f,  f,  ph+aqf, pfh.  df.




Special types of First Order Partial
Differential Equations

Type 2: PDE not involving independent variables x and y
Continue

—dp —dq

Subject Teacher =
Ptz qf;

—d —d
_, —dp_ —dg
p q
Integrating we get,

Inp=Ing+1Ina
Inp=Inagq
p=aq
Using p = a in equation (10), we obtain expression for q
using values of p and q in p dx + g dy = dz
Integrating we get required solution



Type 2: PDE not involving independent
variables

Problem 9:

Solve the PDE p?z2 +¢° =1

Subject Teacher

Solution
It is of the form

f(p, q,z) = p?z22+¢*—1=0 (11)

Putp = aq in (11) then 22¢%?z% 4+ ¢> =1
= q?(a°2°+1)=1 = ¢° = !
1
a’z2 +1

a’z2 +1



Type 2: PDE not involving independent

variables

Solution of Problem 9 Continue...

Using value of q in p = aq
a

Subject Teacher p= a2Z2 e ]_
Consider, p dx + q dy = dz
———— dx + . dy = dz
a2z2 +1 a?z2+1
adx + dy = v a?z? + 1dz
Integrating we get,

1
ax+y=a/ z2+?

z 1 1 1
ax+ty=a|l\/Z2+S+—=h|z++/22+ 5
z a? 22 a2

This is Required Solution




Type 2: PDE not involving independent

variables

It is of the form
f(p, 9, z) = pq + q* —3pzg =0 (12)

Put p = aqg in (12) then aq® + ¢* = 3aq°z
— q%(a+ q) = 3a¢*z
— (a+q) = 3az
g=3az—a=a(3z—-1)



Type 2: PDE not involving independent

variables

Solution of Problem 10 Continue...

Using value of g in p = aq
Subject Teacher [0) = 32(32 - ].)

Consider, p dx + q dy = dz
a?(3z—1) dx+a(3z—1) dy = dz

dz
] 3z—-1
Integrating we get,
In(3z —1)

a’dx + ady =

a’x + ay = +b

n@3z-1)

This is Required Solution

a’x + ay =



Type 2: PDE not involving independent
variables

Problem 11:

Find the complete integral of z?(p?z? + ¢°) = 1

Subject Teacher

It is of the form

f(p, a,2) = 2%(p°2* +¢°) —1=0 (13)

Put p — aq in (13) then z2(a2¢?2% + ¢?) = 1

=>22q2(2222+1):1 — q2= !
1

/222 +1

z%(a%z2 +1)



Type 2: PDE not involving independent

variables

Solution of Problem 11 Continue...

Subject Teacher USIng Value Of q |n p = aq
a

zv/a?z2 +1
Consider, p dx + q dy = dz
1
2 dx + ————= dy = dz

zva*z2 +1 zva*z2+1
adx + dy = zv/1+ a?z%dz
Integrating we get,

ax+y=[zV1+ a?z%dz+ b



Type 2: PDE not involving independent

variables

Solution of Problem 3 Continue...

For integration, we use substitution method
Subject Teacher Put 1 + a222 — t
— 2a%zdz = dt

ax+y—b=——

3
2

3a%(ax +y — b) = (a’z> + 1)
This is Required Solution.



Type 2: PDE not involving independent
variables

Problem 12:

Find the complete integral of g2 = z2p?(1 — p?)

Subject Teacher

It is of the form

f(p, a, z2) = ¢ — 22p*(1 — p*) =0 (14)

Put p = aqg in (14) then ¢° = z%a%¢°(1 — a%q?)
oo _ .22
:1-aq _ﬁ =1 - ﬁ—aq
a’z? -1

2 2
a2z2



Type 2: PDE not involving independent

variables

Solution of Problem 12 Continue...

2.2
, az 1

S Q= 42
atz
Subject Teacher A /Z2 a2 . 1
. q B 322.
Using value of g in p = aq
avz2a2 -1
p=—5_"—
a’z
Vz2a2 —1
P= az
Consider, p dx + q dy = dz
Vz2a? -1 Vz2a?2 -1
—— dx + — dy = dz
az a’z
a
adx +dy = ——2 _dz

VZz2a2 — 1



Type 2: PDE not involving independent

variables

Solution of Problem 12 Continue...

Integrating we get,
2

az
Subject Teacher ax + _y = f \/ﬁdz + b

For integration, we use substitution method
Put a?z> — 1 =1t J
t
— 2a%zdz = dt = a’zdz = >

dt
ax+y:f\/?7+b

2\/_

ax+y=——

ax+y = \/3222 1+b

This is Required Solution.



Special types of First Order Partial
Differential Equations

Type 3: Separable Form
Type 3: Separable Form

The partial differential equation is said to be separable if
it can be written in the form

Subject Teacher

f(x,p)=g(y.q) (15)
LetF—afé p)—8&(y.q)=0
o = F=*
OF

—:F = —8x
Oy Y g



Special types of First Order Partial

Differential Equations

Type 3: Separable Form continue...

oF
Subject Teacher E - FZ — O
oF
8_p =F =1
oF
8_q = Fq = —gq
Charpit's Auxiliary equation is,
_x_ﬂ_ dz _ —dp  —dq
G Bhral Rl Gk
dx dy dz _ —dp —dq

fo -8 Ph—0q8 f -8



Special types of First Order Partial

Differential Equations

X
Consider, — =
onsider, i

oo fdx + ?pdp =
sod[f(x, p) =0
Integrating we get,
f(x,p) =a
Similarly using this in (15)
gly,q)=a
obtain expression for p and q from above two equations
using values of pand q in p dx + g dy = dz
Integrating we get required solution.

Subject Teacher



Type 3: Separable Form

Problem 13:
Find the complete integral of p?> + g> = x + y
Subject Teacher

Given equation is
PP+a?=x+y
p2—X=y—q2
It is of the form
f(X,p) :g(Y7Q)
Let f(x,p)=p>—x=a
p2 =atx
p=+vx+a



Type 2: PDE not involving independent

variables
Solution of Problem 13 Continue...
Similarly, ( q) = y q>=a
Subject Teacher q — y
qa=+vy—a

Consider, p dx + q dy = dz
Vx+adx++/y—ady=dz
(x + a)2dx + (y — a)2dy = dz

Integrating we get,
3 8

X+ a)2 y—a)2
(+2)t  =2)

2 2

=z+b

3
(x+a)2 +(y—a)2 = 5(z+b)
This is required solution.



Type 3: Separable Form

Problem 14:

Find the complete integral of p?y(1 + x?) = gx*

Subject Teacher

Given equation is
Py(1+x%) = qx*

, (14 X2 9
X2 y
It is of the form
f(x,p) =gy, q)

1+ x2
Let f(XaP):Pz( 2 > =4




Type 3: Separable Form

Solution of Problem 14 Continue...

2 x?
pP=a 5
Subject Teacher 1 + X

1+ x2

Similarly, g(y, q) = 9_,
y

q=ay
Consider, p dx + q dy = dz

T30 xdx + ay dy = dz
X

B xdx

\/ﬁ T aydy =dz



Type 3: Separable Form

Subject Teacher

Solution of Problem 14 Continue...

Integrating we get,
2
\/5\/1+x2+ay? =z+b
2y/av1l+x2+ay?=2z+b

This is required solution.




Special types of First Order Partial
Differential Equations

Type 4: Claraut’s Equation:
Type 4: Claraut’'s Equation:

The partial differential equation is of the form
z = px+ qy + f(p,q) Where x and y are independent
and z is dependent variable called as Claraut’s Equation.
Now let F:gx+qy+f(x,p)—z:0
F

Subject Teacher

—:FX:
oo
a:Fy:q



Special types of First Order Partial

Differential Equations

Subject Teacher

Charpit's Auxiliary equation is,

%_ﬂ_ dz _ —dp  —dq
fp—fq_P@‘i‘qfq_ﬂ‘i‘sz_fy‘i‘qu
dx  dy dz _ —dp
x+f y+f Xp+lzlfp+yq+qfq p—p
—aq

qa—4q



Special types of First Order Partial

Differential Equations

Type 4: Claraut's Equation continue...

Consider, Each Ratio = @

Subject Teacher s.dp=0 0

Integrating we get,
p=a

Now Consider, Each Ratio = @

s.dg=0
Integrating we get,
g=>b
using values of p and q in z = px + qy + f(p. q)
z=ax+ by +f(a,b)
Integrating we get required solution.



Type 4: Claraut’s Equation:

Problem 15:

Find the complete integral of (p+ q)(z — px —qy) =1

Subject Teacher

Given equation is
1
Z—px—qy=——
P‘{q
z=px+qy+——
p qy ps

It is of the Claraut’s Equation form
Hence its solution is,

1
— by 4+ —
il ey

where a and b are constants.



