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Compatible Differential Equations

Compatible Differential Equations

Let f(x,y,z,p,q) =0 and g(x,y,z,p,q) =0 be first
order partial differentiable equations.If every solution of
f = 0 is also solution of g = 0 and

Subject Teacher

a(f,g)
(p, q)

Jacobian J =

£0

then this two equations f and g are said to be
Compatiable.




Compatible Differential Equations

Theorem :

Show that the condition for f(x, y,z,p,q) =0 and
susect Teacher M o(x, v, z, p, ) = 0 compatible is [f, g] =0
of.g)  of.g)  fg)  ofeg)
o(x.p) " Ay.q) " "ozp) " T0(z,q)

i.e.

=0

f(x, y, z, p, q) =

g(x. v,z p.q) =0




Compatible Differential Equations

Proof of Theorem Continue...

be first order partial differential equations. From (1) and
(2) we obtain
p:q)(X,y,Z), q:lll(x,y,z)
The condition that equations (1) and (2) should be
compatible reduces to p dx + g dy = dz is integrable.
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¢ dx+WV dy—dz=0 (3)

B is integrable. - B
Let X = (&, V¥, —1) then X.CurlX =0
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i
a
0x
(0}

ov | » od. .~ oV 00 .
—(O—E)/—(O—E)JJr(a—@)k
_8_\UI¢+ a_q)"\_|_ (8_\11 — ({9_(]))/2

0z 827 Ox  Jdy

\/ \/ 2 2 " a\UA 8<DA ov ob . ~
X.CurlX = (&1, V), —1k) [_EI+§J+(§ — a_y) ]
ov oo oV Jo



Compatible Differential Equations

Proof of Theorem Continue...

o 9d v oV
(4)

Subject Teacher
v— =0—+
0z B dy Jz = Ox

Differentiate (1) w.r.t x and z,
of of Op  Of dq _

Ox * Op Ox ' 9q Ox
I VS MO AUNE (5)

of Of Op Of Oqg
and o, T apaz T agaz "



Compatible Differential Equations

Proof of Theorem Continue...

Subject Teacher o fz _I__ f;)q)z + quz — 0 (6)

Multiply equation (6) by ® then add it to equation (5)

(fc + OF) + fo(Ds + 0D,) + (W, +0V,) =0 (7)
Differentiate (2) w.r.t x and z and as above, we get,

(8« + Dg2) + go(Dx + OD,) + g, (W, + OV,) =0 (8)



Compatible Differential Equations

Proof of Theorem Continue...

Multiply equation (7) by g, and (8) by f, then
take (7)-(8)
8o(fi + L) + gofp(Px + PP,) + gpfy (Vi + OV, —
o8 + Pgz) — fop(Px + ®P;) — firgy (Vi + PV,) =0
gp(fx + (sz) + gpfq(wx + CD\UZ) - fp(gx + (Dgz) -
fo8q(Vx + ®VW,) =0

Subject Teacher

go(fi+Of,) — (g +Pg:) + (Vi +OV,)(gofy — fog8q) =0
(8ot —1p82) +(fx8p—8xfp) +H(Wx+ PV, )(gpf fo8q) =0
(8o — 8xfo) + P(8pf: — 1p82) = (Vi + PV )(Fogq — (8019)
olf.g) , ,9(f.8)
x,p)  O(z,p)

= J(V, + OV,)



Compatible Differential Equations

Proof of Theorem Continue...

af,g) , I(f g)
d(x, p) - Pz, p)] ©)

Similarly diff. eg™ (1) and (2) w.r.t y and z, we obtain

.

(W + OV,) = % [
(

Using equation (4) we get,
o(f,g)  O(f,g)  O(f,g)  Of,g)

+ +
a0 p) " Ay.q)  Pop) " To(zq

[f,g] = 0 It is condition for f and g are to be compatible.

=0




Compatible Differential Equations

Problem 1:

susiect Teacher [ Show that the PDE xp = yq and z(xp + y q) = 2xy are

compatible. Find Solution

Solution:
Let

f=xp-yq=0 (11)

g =z(xp + yq) - 2xy=0 (12)
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aap

= p(zx) — x(zp — 2y) = zpx — zpx + 2xy = 2xy
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Solution of Problem 1 Continue...

o(f. &) _|oz
o(z,p) |%8
0z

of.g) |oz
d(z,q) |98
0z

op| _ 0 X
8|~ |xp+yq zx
p

o, &)
9(z, p)

)

0 -y
xp+yq zy

= —x(xp + yq)

= y(xp + yq)




Compatible Differential Equations

Solution of Problem 1 Continue...

St e Condition for Compatible is
of.g)  olf.g) fg)  ofeg)

f,gl = p q
.61 = 56.p) T 300) oz p) | T
= 2xy — 2xy + p[—x(xp + yq)] + qy(xp + yq)
=-x*p® — xypq + xypq + y*q*
2 2 2.2
=y*q> — x°p
[f.e] =0

.. f and g satisfies the condition of Compatibility.
*. Given PDE are compatible.



Compatible Differential Equations

By equation (11) xp = yq
Using this in (12) z(xp + xp) = 2xy
2Xpz = 2xy —> p=

Subject Teacher

NI

, we get

~—

Using value of p in (11
X();/) =yq =q=
Using pand qin p dx + g dy = dz

de—i— fdy =dz = ydx + x dy = zdz
.'.dfxy) :szz

Integrat2ing, we get

z
Y= +c
2xy —z2=cC ... Required Solution.

N X%



Compatible Differential Equations

Problem 2:

suject Teacher [l Show that the PDE xp — yg = x and x?p + q = xz are

compatible. Hence find Solution

Solution:
Let

f=xp-yq-x=0 (13)

g=xp+q—xz=0 (14)



Compatible Differential Equations

Solution of Problem 2 Continue...

or o
of.g) _|ox op| _|P—1 x|_
Subject Teacher 8(X, p) a_g a_g 2Xp —Z X2
Ox Op

x*(p—1) — x(2xp — 2)
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Compatible Differential Equations

Condition for Compatible is
a f? a f) a f, a f,
(f.g) , Olf.g)  0f.g)  Olfeg)
d(x,p) Ady,q) Iz p) Nz, q
=x*(p—1)—x(2xz — z) + px* — g — qxy
=x°p—x® = 2x*’p+xz + x°p — q — qxy
=(xz-q)-x* — gxy
= x?p — x> — gxy .... by equation (14)
= x(xp - yq) X2
= X.X - X
[f.g] =0
.. fand g satisfies the condition of Compatibility.
*. Given PDE are compatible.

Subject Teacher [f7 g] =
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Compatible Differential Equations

Multiply equation (14) by y then add it in equation (13)
(x+x%y)p=x+xyz = x(1 +xy) p=x(1+yz)

l+yz

p_1+xy

Using it in (13)
1+yz_x_ q
14+ xy 4
X+ xyz — x — x%y g y(xz — x?)
1+ xy 1+ xy

x(z — x)
- 14xy

q=



Compatible Differential Equations

Using pand qin p dx + q dy = dz
L —|—yde Mdy =dz
1+ xy 1+ xy
It is Pfaffian Differential Equation
Take x = constant = dx =0
. (xz-x¥)dy — (1 +xy)dz=0
X(z-x)dy-(1+4+xy)dz=0
Dividing throughout by (z — x)(1 + xy)
X dz
dy — =0
1+ xy zZ—Xx
Integrating, we get
In(l+xy) —In(z—x)=Inc

Subject Teacher




Solution of Problem 2 Continue...
Subject Teacher 1 + Xy

= ¢; Hence Solution is of the form

1' zZ—X
+ Xy

=¢
P (x)

Hence Required Solution is

1+Xy_c

zZ— X




