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paper / Subject Code: 24285 / mth'emaﬂmMumvm.ble Caleulus IT (R 2022)

- 4~ Nev: 20 22

Time: 2.5 Hours

Total Marks: 75

N. B. 1) All questions are compulsory.
2) Use of a simple calculator is allowed.
3) Figures to the right indicate marks. -

Q.1 A) Attempt any one from the following.

. : () .
1) If U is an Qp'eh set in chontammg ﬂm I'BCtangIc {a, b]x[a,d] 5 t
s f U — R is continuously dlfferentlab]e functlon then show that g (x) S '
! I3 (x, y)dy where g(x) = £ F(x, y)dy, vx € [a, b].
i) State and prove the Fubini’s Theorem for a rccta.ngular domam in R2..

Attempt any two from the following. : : (12)

) Prove that every continuous funetion deﬁned ona rectangular damam R m'
R? is integrable.

if) Using cylindrical co-ordinates find the volume of the solid region S in R3
' which is bounded by the parabolmd x% +y? = 10 — z and the plane z = 1.
) Evaluate [ff(x? +y? + zz)dedydz where § is region in R® bounded by
two co-centric Sphcres with cenfn-e at the orgm and mdn 1 a.nd 3. : i
Q2 A) Attempt any one from tm;ﬁ)llowmg. : : 3 ®

i)  Define a parameterized curve in R™. When do. you say that two
parameterized curves in R" are equivalent? Show that two eqmvalent

4 parameterized curves have essentially the same image set. Show that the

: converse of this is - not true by considering the curves

P - a(t) = (cost, sint);0<t<2m andﬁ(t) = (sint,cost);0 <t 5 27, ; ; f

i) State and prove the Grean s theomn fornreclmgle et 2 /}

l B Attempt any two from the following st . (IZJ o J

i)  Evaluate [ 2xydx + x*zdy + x*ydz, where C is a strmght Ime Jommg

! (1,1.1) to (1,2,4).

' i)  Calculate the work done in the moving the particle from the point P =

——

(2,—1) to the point Q = (—4,2) for the force field F(x,y) = (x2 + 4xy + 3
4y?,2x% + Bxy + 8y?), showing first thal it is conservative. :

ili) - Use Green’s theorem to evaluate 5ﬁ4x2 ydx +2y, dy over clUsed A
curve C, where'€ is the bounda‘.:y of the tnangle with Vernces S i i
(0:0), (1, 2)and (0, 2) ' '

Q3. A) Attemptany one from the followmg _' e ¥ (8) . F
: i} State and prove the Gauss Divergence theorem fer acube. B &
ii)  State and Prove the Stoke’s theorem. . : g :
B Attempt any two from the following. £
i) . Using Stoke’s 'I‘heafem evaluate the line integral § xydx + x ydy taken
* around the square € with vertices (1,0),(~1,0), (0 1) and (tr . i

) ~
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i ld F(x-)’nz):("»)’az) aﬂdSisﬂle
i te the surface integrals of vector ﬁ_e ) :
4 E:eaci:uifc the cylinder with parameterization r(x, y) = (cosx,sinx,y) where

Tk i ke
&y Let S = 7(T) be a smooth parametric surface in uv plane. Detine b )
i If S is represented by an equation z = f(x, y) then show that area of S 1s

given by =~ - = -
[ @+ &) w

where T is projection of S on xy —plane.

Q.4 A Attempt any three questions from the following. - = 68
i) Evaluate f[ dxdywhere S is the region bounded by the curves xy = 4,xy =
8 xy°.='5 Xyt =Hc08ET ) : 52
M Byaluate i) se(’g*”-'"z“z]m-dxdydz where S is the unit sphere centered at
origin by using spherical coordinates. 2 | :
iii))  Evaluate line integral of scalar field f yz)=x+y+z along thq_ line

segment from (1, 2, 3) to (0, -1, 1). . e
iv)  Calculate the work done in the moving the particle from the point P to the

point Q by the force field F(x,y) = (y(e® + 1), x(e™ + 1)); showing
first that it is conservative where P(1,0), Q(1, 1).

v)  If 8 and C satisfy hypothesis of Stoke’s Theorem and f, g have continuous

second order partial derivatives. Prove with usual notations
i) [.(f7g).dr = Is(Vf x Vg).ndS ii) fc(fl?g) +gVf) dr=0.

Prove the following identities, assuming S and V satisfy the conditions of
the Divergence Theorem and ‘components of F have continuous partial
derivatives, 7 is unit-outward normal. i 4

|= %fjsf. nds where F = xi + yj + zk and v = volume of V.

ii) ffscurlF.ﬁdS =) b2 £ B

vi)

R o o o o e e o o o ok ok o o
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Total Marks:75

1
Time: 2— hours

[nstructions:1) All questions are compulsory.
2) Figures to right indicate marks for respective sub questlons

Q1 A Answer any ONE :

i) Let G be a group and H be a non-empty subset of G. Prove that H is a subgroup of 08
Gifandonly ifab' € H foralla,b € H

; ; 08

i) Let G beagroup,a,b € G such that o(a) = m,0(b) =nand ab = ba.1f
ged(m,n) = 1 then prove that o(ab) mn.

B Answer any TWO
i)  Let H and K be subgroups of a group G then prove that H U K is also a subgroup of 06
G if and only if either H € K or K € H.
ii) Let G be a group. Prove that ¢: G — G defi ned as ¢(x) =x71 is homomorphism 06
if and only if G is an abelian .
iii) Let G be a group and a € G with o(a) = n then, prove that a™ = e if and only if 06
nim. _
Q2 A Answer any ONE :
08

i)  If Hy, H, are normal subgroups of groups G, G, respectwc[y, then provc that H; x
H, is a normal subgroup of G; X G,. Further prove thal ;s isomorphic to

G, G2
H1 x -!;: 3
i)  State and prove ﬁrst 1somofphlsm thc’orcm of group (F undamcntal Theerem of getie s 08
Group Homomorphism). :
B  Answer any TWO
i)  LetG,G' be groups and f: G — G' be an onto homomorphism. Prove that: 06
The kernel of f is a normal subgroup of G and image of f is a subgroup of G'.
0 Prove that f: S, — {+1} defined as f(g) = {_._ 1, j: fcr;swevzr; is a homomorphism 0
where {+1} is a group under multiplication. Further show that A, is normal in S;,.
06

i) Let G be a group and H be a unique subgroup of G of given order. Then prove that
H is a normal subgroup of G. : :

Q3 A  Answerany ONE
i) Define cyclic subgroup and normal subgroup If a cyclic subgroup H of a group Gis 08
normal in G, show that every subgroup of H is normal in G.

Let G be a finite cyclic group of order n. Show that for e positive dwlsor dof 08

ii)
n , there exists a unique subgroup of order d.
B Answer any TWO ' :
i) - Let G be a cyclic group of order 18 generated by a. Fmd all the generators of G. 06
Further, find all the clements of order 9 in G .Clearly state the results used.
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: _ . e
Show that an infinite cyclic group generated by a has exactly two generators @
a-—l

Show that a group of prime order is cyclic. Is converse tru_c? Justify your answer.

Answer any THREE

Let G be the group of functions from R to R* under point wise.multipligatlon. Let 05
H ={f € G| f(1) = 1}. Prove that H is a subgroup of G. -, 03
Let G be a group and a € G. If o(a) = mn then show that o(a™) =n. : i
List all left cosets of the subgroup H = {1,11} of U(30), the group-of residue

classes under multiplication modulo 30. '

Show that if H, N are subgroups of a group G and N is a normal subgroup of G, then 05

prove that H N N is normal in H. Give an example to show that H N N need not be
normal in G. v : 2

Find the number of elements in the cyclic subgroup of the group €' (of non-zero 03
complex numbers) generated by-1 + i y 5

Let s denotes the multiplicative group of the fifth rot:ts of unity in C. Determine 05
: o ;

the order of the cyclic subgroup of pg"generated byes
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W
X Dura.tion'liﬂrs . ; REVISED COUR;_SE B ot Marks: 75

NB. = ()AL questmna are compulaory o
2) Fxgures to l:he right mdlcate mfgks

= . - 8
1. (a) Attemph ANY ONE from the follomng v 5 A & ()
(i) Show that for a subset: F of a metric space (X ,d) ) the following statements are equiv-
alent: oo
(I) F isclosed
(I1) F contains all its limit points. _
(ii) Show that in a metric space (X,d) \ ;
(I) an arbitrary union of open sets is an ‘open set. sl s
(II) a finite intersection of open sets is an open set.
(b) Attempt ANY TWO from the following: = (12)
(i) Define an open ball B(z, r) in a metric space (X ,d) and show that every open ball is
an open sef. ¥ S¥aE
(ii) Let (X,d) be a metric space and d, :._X x X = R be a meétric deﬁnéd as di(zyy) =
: i(:(y) SV y €X. Show that d ‘and dy a::e eqmva.leni metrics on X.
E, .
(i) Show that in a dxscret.a ‘etric sgace (X, Q}J-every sl{bset is bot.h open a,nd c.losed
2. (a) Attempt ANY ONE {mm the followmg * : r . e (8)
(i) State and prove Density Theorem. .- ; :
(i) Let (X,d) bea metric space and A be a subaat of X. Show that p G Xisa Iim:t pomt
of A if and only if thel:e is a sequence of dmﬁnct- pom’.bs in A cc;-nvergmg i,p .
(b) Attemnpt ANY TWO from. the fouomng s - i (12)
@; I;m t;hnt a aubsbwe (Y d;}—bf complﬁhe metnq;:q:sa.ce (X dj’ is com;élhte if a.m;LonIy z:f :
_ ey, T
(ii) If f : [a,b) —Risa continuous- functlon such that f° tfa.kes only rahlona.l values then
show that f is a constant function.
| | (iii) Show that S = {z € Q:3 <z’ < 5} is both open- and closed in the subspa.ce Q of R
with usual metric. ;
5 | 3. (a) Attempt ANY ONE from the follovnng 3 (8)
-+ (i) Consider the metric space (R, dJ where c@s ‘usual matnc, Prmre that if @lﬁ €ER e
- where a <'b, then Prove that {a, b] satisfies Heine-Borel property.
& (ii) Dei;me compact siubset of a retric space. Show that a compact subset of a metnc spa,ce 58
£ is closed. Give.an example to show! that every, closed subeet need not be compa.ct .
S 3 (b) Attempt ANY TWO from the followmg E y 2 " (12)
b (i) Consider the metric'space (Cla,d], | Hm] Where\n f||m = gup {l f(m te ["15}}
- Show that the open cover {B‘(ﬂ n)},‘qq of Ca, b has no ﬂnite suboos!far (0 bemg the
e constant zero function). - . ; g
8 Pagel of 2' !
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3 cha distance, is
(1) Determine if D = {(z,y) € R : [y] <2} in (Rz,d} where d is Euclidean :
i com 2
pact in R is also compact.
(iii) If A, B are compact subsets of any metric space, prove Lhat A uBis : 3
: - (15)
g 4. Attempt ANY THREE from the follomng e '

if and onl
(a) Define an open set in a metric space {X d) Let A g X. Show that A lsnpen if and only
; if A = A° (Interior of A).

(b) Let dy,d, be metrics on a non-empty set X. Deﬁne i X % X325 R agd(x, y) =
max {d,(z,y),dy(z,y)}. Show that d is a metric on X.

(c) Prove that the metric space (R?, dl) is complete where the metrzc d; is gwen by
di((z1,31), (22, 32)) = max{|z, — z,/, o1 ~ w0}

(d) Show that the function f : R — R, defined by f(z) = (z— a)”[:r b] +z, takes the value
& for some value of z € R. (distance in R being usual) - .

(e) Is it true that interior and closure of a compact set is compact? J UStlf_'{.‘

(f) Show that [0,1) C (R, d) with d usual distance on R , is not sequentially compact.

Kok ok ok ko
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ol A L1, Ty

3. (a) Attempt any One of the follovnng ot g .;;- & (@ &

(1) Consider the quasi-lineat cquation P(z, y, 2) p-+Q(z,y, z) g=R(z,y,2) fhere
P,Q and R are continuously differentiable functions on a domain §2 GRS If
S 1 2 = u(z,y) is the surface obtained by taking the union of characteristic
curves.of the given p.d.e. where u(z,y) is a continuously d1ﬁerent1a@le function
then prove thaf S is the integral surface of the pde. 7 &

(i) Write a short note on the cha.raeterlstlc strip and cha.,ra.cterlst-w curve for.a non
linear first order partial differential equation f (:c w2z pq) =0. g

(b) Attempt any Two of the following. : : _-'_-:il?)

(i) Find the solution of the initial value problem for the quam -linear equa.tmn :
Pp—zg=—z forall yand z > 0 with the initial d&ta curve - Y

O .‘220(‘?)—-0 yo(s) =3, 2(s )—--23 —o¢<s<oo

(ii) Find the initial strzp for z = {’_p2 + qg) & {p :c")(q - v): passmg th‘rough the
Z—axis. . - % P n s LY

- Vg

(iii) Find the cha.ra,ctermtics dlﬂerent:al equatlcns and the cha.ractenstlc strlps of .
=2y L i ;* _L_‘_-._,,j. o o 3
4. Attempt any Three of the fcllowmg 5 S ReH -*,:: o ‘(1 5)
(a) Find a paraual d].fferentml eqqatxon sat.r.gﬁed by z= f (z2 + 9") .‘j__:“.'“ ._;:: 4 3
(b) Show tii’ah (z = u).“ +(y —ab)“‘i +22=1isa sol.gﬁmn of z’{:{ +p*+ gf) = ;:\ VUT
(c) Show that th&pmm dffferentm&luutlowp = yQ‘-.a,nd z(x’p:—f- yq) —-&a:y are 1"'
compatible. o e w w

(d) Find a complet.e m,tqgml of t.hﬁ parhalndlﬁerentm,l g‘quat10m£~= T +q3 +pg.
iy

£ : (€) For the partial diﬁmm Mﬁ’“ Wg@ﬁ thuﬁtml SR /
data curve za(s} — ! yu(-#j =3, Z{)(S) o i 3" ind the 'ﬁﬂue of L., Q: "

dyg
- | e, ya(s):—za(s)) - -~—Q xo(ﬁ Yo 3)12&1(3)) B
where z p+y(3sc5+y) q= = z(2z +y) is compa.red with F{:c y,z) p+Q(x y, z) =
R(z,y. 2). 125 _

(f) Show that the charaatenstlc cu:vea of z pa-lf g=20 cgntmmng bhe initial, dat.a. curve:

By Ui RSl o

C: ro(sJ =8y= -'yo(SJ = 05.;'20(3) ) wherq?ts) 1-s sf 0<s < ¥
: _\ o 0 \.;-_L if s > I‘ o
are straight llnes given by T = y f(s] e i e

Fd
""3::1

i
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Duration: 2 %2 Hrs : g 3 \t[arks 75
N.B. : (1) All questions are co_rﬁﬁulsory. s ¥ -z
(2) Figures to the right indicat{:r’na.rks. . ; % o .
- (a) Attempt any One of the following: ' ) W . {SJ

(i) Prove that the elimination ofarbitrary functzon ¢ from the. equatlon té(ﬂ v) =
where u and v are functions of z,y and z (z is assumed to be a function sz'
and y), gives the partial differential equation

O(u,v) oy O v) B(u,\v-) 5
82" Bmd) T ey O

i ek

(i) If 2= F(s: y,q) is a one-pa.rameter fa.ley of.mlutlons of the pB.LE'lﬁl d1ﬂ'erentiaJ
equation f(z,y,z,p,q) = 0 whefe p = z..= F,,q =z, = Fy, prove that ‘the
envelope of this family, if it e:gsts is also a solutlon of f (x y, Z,0,q) = ﬂ

(b) Attempt any Two of the followmg _ : (12]

(i) Find a partial dlﬁerentlalaquatlon satlsﬁed by 2= f (—\) where f is real va.lued
function on R x R. :

(ii) Find the smgu]ar mtegral of f{x,y,z,p q) =z— p:': —qy — p2 g = 0 usmg ot
the three equations': f(z,y,2,p,q) = 0 f,(z,y, ,p,q) = 0, f,(z :3}13313: q) =0
(iti} Solve the Lagrange’s partial differential equation tanz p4 tany g=tanz.

2. (a) Attempt any One of the following: . o (8)

(i) (I) If p = ¢(z,y,2) and ¢ = ¥(z,y, z) are obtained- by sulvmg
fz,y.2,p,q) = 0,9(z,y,2,p,q) =0 for p and g then state the- necessa.ry
and sufficient condition for the equation dz = ¢(x, ¥ 2) dz +1,‘:(:z: v, z) dy
to be integrable. - -

(II) Show that the first order pa.rtlal dlfferentlal equatmns p=M (:c,;r} a.nd

g = N(z,y) are oompatthe if and qnl if — BM ==

ax . \.'-- g x
(ii) State Cha.rplt ,s\Aumharyjequatlona and explain the Charplt s mc?:hod to ﬁ;id
a complete integral of a given pa.rha.l dlﬂ'ere;;tml equa'l‘n‘on f(x yJ F 2, q) “*U

(b} Attempt any Two of the followmg “ g (12,)’
(i) Solve the compat:b{e partial diﬁ‘erentml equatmr;s ;cp yq *r:z: a.nd E J,+q zz
' and find a oommou solution. e ‘,b %
(if) Show that dz.- o(z, Y z‘} dz + 1!J§:c y, z) dyqs mtegrabfe if and ou]'y I o™ ;-;-"}
& ™
o ) s b
;: _¢’ ‘bz + ’ff? ¢: 1#: + ¢y r:?:'} ’\n.:‘ 4-1:2-‘

(iii) Find a complete mtegra.l of:c ? + g’q’ 4= 9—‘

P\.-
e i'l‘:\ ;
e fouk
: et
e e
¥ * ¥
o o oL e RS
o o 2 net
2 Pt ™ ) oy
i el ke e
- o5 - ‘ﬁ::\ -~
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